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SECTION A

Q1 Let f(x) = z cos(rz)er +
[
r cos(rz) + 1

]
ez in cylindrical coordinates.

(a) By finding a suitable potential g(x), show that f is conservative – in other
words, may be written f = ∇g.

(b) Naming any theorem that you use, compute the line integral of f along an
arbitrary curve from (r, θ, z) = (0, 0, 0) to (r, θ, z) = (3, π, π/2).

Q2 (a) Calculate the volume of the region {−1 ≤ z ≤ 1, r < 1 − z2} in cylindrical
coordinates.

(b) Use index notation to simplify as much as possible the expression ∇ ·
(
x×a

)
,

where a is a constant vector in R3.

Q3 Solve the following equation for the generalised function g,

(x− 1)(x2 + x− 2) g(x) = 0,

i.e. find the generalised solution g(x) in terms of shifted δa distributions and possibly
their derivatives. Justify the steps taken to arrive at the solution.

Q4 You are given the linear operator

L = (1− x2)
d2

dx2
+ g(x)

d

dx
+ h(x),

with the two real-valued functions g ∈ C1( (−1, 1) ) and h(x) ∈ C0( (−1, 1) ).

(a) Calculate the formal adjoint L∗ of L as a function of g and h.

(b) Choose g so that L is formally self-adjoint.

(c) Denoting the formally self-adjoint operator found in part (b) as L, consider
the Boundary Value Problem (BVP) on [0, 1/2] given by

Lu = 0, au(0) + bu′(0) = 0, cu(1/2) + du′(1/2) = 0,

with a, b, c, d some real nonzero constants. Is this BVP self-adjoint? Justify
your answer fully by first giving the definition of a self-adjoint BVP and then
checking that the given BVP satisfies the definition.
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SECTION B

Q5 Let S be the “lampshade” surface given by the part of a cone with top rim C1 =
{x2+y2 = 1, z = 1} and bottom rim C0 = {x2+y2 = 4, z = 0}, and let f : R3 → R3

be the vector field

f(x) = 3yze1 + x(z − 1)e2 + sin(2025ey)e3.

(a) Calculate the circulation of f around C0 if the curve is oriented anti-clockwise
(looking from above).

(b) Use an appropriate integral theorem to calculate the outward flux of ∇ × f
through the surface S.

Q6 A system of curvilinear coordinates is defined by

x(u, v, w) = a coshu cos ve1 + a sinhu sin ve2 + we3,

where a is a positive constant, u ∈ [0,∞), and v ∈ [0, 2π].

(a) Determine whether or not this coordinate system is orthogonal.

(b) Show that the scale factor hu = a
√

sinh2 u+ sin2 v and find hv, hw.

(c) Let g : R3 → R3 denote the coordinate mapping from (u, v, w) → (x, y, z).
Naming any theorem you use, determine at which points (x, y, z) this mapping
has a differentiable inverse.

Q7 Consider the Sturm-Liouville eigenvalue problem on [1, b] for b > 1,

(x2 u′)′ + λu = 0, u(1) = u(b) = 0.

(a) Identify the corresponding Sturm-Liouville operator L and the weight ω.

(b) Find the eigenvalues and the normalised eigenfunctions of the problem.

Hint: the substitution x = et may be useful.
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Q8 (a) Consider the two-dimensional domain D given by the intersection of the two
half-planes

Π+ := {(x, y) ∈ R2 : y ≥ x} and Π− := {(x, y) ∈ R2 : y ≥ −x},

i.e. D = Π+ ∩ Π−.

Denote the origin of the plane R2 by O and label P the point in D with
OP := x0 = e2. Use the method of images to construct the Green’s function
G(x,x0) satisfying

∇2G(x,x0) = δ(x− x0) for x ∈ D,
G(x,x0) = 0 for x ∈ ∂D,

where ∂D is the boundary of the domain D. You may use the fact that the
fundamental solution of Laplace’s equation, which is regular on R2-{x0}, is
given by

G0(x,x0) =
1

2π
ln|x− x0|.

Draw a rough sketch indicating the position of the point P and of its images
to support your result for the Green’s function G(x,x0). Clearly mark the
domain D, label your image points as Pi (with OPi := xi) and call Q the
point such that OQ := x. Give your answer for the Green’s function G(x,x0)
in terms of x0,x and xi.

(b) Prove that the solution G(x,x0) you obtained in part (a) satisfies G(x,x0) = 0
everywhere on the boundary ∂D.

(c) If one modifies the domain D such that the new domain is given by D̃ :=
{(r, θ) : 0 ≤ r ≤ 2, π/4 ≤ θ ≤ 3π/4}, how many more images of the point
P should one consider in order to construct the Green’s function in this case?
Draw a rough sketch with the positions of all the images of the point P of polar
coordinates (1, π/2) for the domain D̃ and give the polar coordinates of the
image point of P with respect to the boundary ∂D3 := {(r, θ) : r = 2, π/4 ≤
θ ≤ 3π/4}.
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