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SECTION A

Q1 (a) Calculate φ(2320), where φ is the Euler phi function. Show your work.

(b) Find the last two digits of 7(34). Show your work.

(c) Determine, with justification, if each of the following is a sum of two squares.
If so, find a representation for it in the form n = a2 + b2:

(i) 265, (ii) 238.

Q2 (a) Find all primitive Pythagorean triples of the form (56, y, z). Show your work.

(b) Determine whether the congruence x2 + 18x+ 51 ≡ 0 (mod 101) is solvable in
x ∈ Z. Show your work.

(c) Fix b ∈ N and let n be an integer representable as n = x2 − by2, for some
x, y ∈ Z. Show that, for every prime p|n, at least one of (i) p|x and (ii)
( b

p
) = +1 must hold.
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SECTION B

Q3 Let a, b ∈ N be distinct positive integers with 5 - (b− a).

(a) Show that for every positive integer n, gcd(a+ 5n, b+ 5n) divides b− a.

(b) Show that there are only finitely many prime numbers p such that p can divide
both a+ 5n and b+ 5n for some n ∈ N.

(c) Let S be the finite set of primes from part (b). Show that for each p ∈ S there
exists a positive integer n such that p divides at most one of a+ 5n and b+ 5n.

(d) Show that there is a positive integer n such that a+5n and b+5n are coprime.
(Hint: Chinese remainder theorem.)

(e) Upgrade (d) by showing that there are infinitely many n such that a+ 5n and
b+ 5n are coprime.
(Hint: Show that, as a function of n, gcd(a + 5n, b + 5n) is periodic modulo
|b− a|.)

Q4 Given a positive integer n, let σ(n) denote the sum of all of the positive integer
divisors of n. Notationally, we write

σ(n) =
∑
d|n

d.

For example, σ(14) = 1 + 2 + 7 + 14 = 24.

(a) Compute σ(49) and σ(12).

(b) Let p be a prime number and let k ≥ 1. Establish a formula for σ(pk).

(c) Show that σ(2k) is odd for all k ≥ 1. For primes p > 2, for which k ≥ 1 is it
true that σ(pk) is odd? Prove your answer.

(d) Show that if m,n ∈ N are coprime then every d dividing mn may be written
as d = d1d2, where d1|m and d2|n.

(e) Use (d) to show that if m and n are coprime then σ(mn) = σ(m)σ(n).

(f) Find all n such that σ(n) is odd.
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