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SECTION A

1 1 t

a(t) = <§(1 + )32, 5(1 —1)*2, E) :

Show that « is a unit speed curve and compute its curvature and torsion.

Q2 Let
(u,v) = (f(v) cos(u), f(v)sin(u), g(v))
with w € (0,27) and f,g : (a,b) — R be a local parametrisation of a surface of

revolution.

(a) Compute the coefficients of the first fundamental form with respect to .
Which relation do the functions f,g need to satisfy in order that x is an
isothermal parametrisation?

(b) Assume that f(v) = cosh(v). Find all functions ¢ for which @ is an isothermal
parametrisation.

Q3 Consider the parametrized surface = : U = (0,1) x (0,1) — R3,

u? v3
x(u,v) = (u— 5 + uv?, v — 3 + vu?, u? —212) .

(a) Calculate the coefficients of the first fundamental form with respect to .
(b) Calculate a Gauss map N : z(U) — S2.
Q4 (a) Define what it means that a curve on a parametrized surface is a geodesic.

(b) Prove or disprove by counterexample the following claim : “If a curve on a
surface has constant speed, then it is a geodesic”.

(c) Consider the parametrized surface x : R? — R3,

o(u,v) = (u—v,u+v,4u* — 40?).
Prove or disprove that the curve u — x(u,u), u € R on the parametrized
surface x is a geodesic.
ED01/2025 CONTINUED
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SECTION B

Q5 Let « : [a,b] — R3 be a smooth unit speed curve with nowhere vanishing curvature
Ke : |a,0] — R and t4, ng, be be the moving frame associated to a and 74, : [a, b] —
R the torsion of . Let 3 : [a,b] — R? be given by

B(s) := a(s) + cos(2s)nq(s) + sin(2s)by(s).

(a) State the Serret-Frenet formulae for the curve e and compute ||3'(s)|| in terms
of Ko and 74.

(b) Assume that [a,b] = [0, 3], ka(s) = @ and 7o(s) = —2 for all s € [0, 3].
Compute the length L(3) of 8: [0, 3] — R®.

(c) Assume that ke : [a,b] — R\ {0} is arbitrary and 74(s) = 2 for all s € [a, b].
Compute the curvature kg : [a,b] — R of the curve 8 in terms of the curvature
Ko

Q6 For part (b), we use the following models of the hyperbolic plane:

Let H={z =x+iy € C:Im(z) =y > 0} be the upper half plane model with

associated bilinear form
Re(wlwg)
(w1, ws), = T

for wy, wy € C, where the tangent space T,H is canonically identified with C.

Let D ={z € C: |z| < 1} be the Poincaré unit disk model with associated bilinear

form
. 4Re(w1w2)

R

for wy, wy € C, where the tangent space T.ID is canonically identified with C.

(w1, wa)

(a) Show the parallelogram equality for a general surface S with first fundamental
form I,(w) = IS (w) = (w,w),, that is,

Iy (w1 + wy) — Ip(wi) — I(wo)
: :

<w17 w2>p -

(b) Show that the Cayley map f : H — D, defined by

zZ—1

fe) =

is a global isometry, that is

Iey(dof (w)) = I (w)

for all z € Hand w € T,H. You can use without proof that f is a biholomorphic
map from H to D and therefore a diffeomorphism.
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Q7 Let = : U — R? be a global parametrisation of a regular surface S and N : U — S?
be a unit length normal, that is N(u,v) L TyuwnS and ||[N(u,v)|| = 1 for all
(u,v) € U. For every t € R, we consider the set S; C R?, defined as the image of
the global parametrisation

y(u,v) = x(u,v) + tN(u,v).
We will assume that, for [t| > 0 small, the sets S; are again regular surfaces.

(a) Prove the identity
ON ON

—_ >< —_—
ou v
where K is the Gauss curvature of S, viewed as a function on U.

(b) Let E, F,G be the coefficients of the first fundamental form of y. Express

=Kax, X x,,

OF
ot

oF
ot

G
ot

t=0 t=0 t=0

in terms of the coefficients of the second fundamental form of z.
(¢) Show that
Y, X Y, = (1 —2Ht + Kt*)x, X T\,
where H is the mean curvature of the surface S, viewed as a function on U.

(d) Assume that the Gauss curvature K and the mean curvature H of S are globally
bounded. Express, for small [¢| > 0, the Gauss curvature of the regular surface
S; in terms of ¢, the Gauss curvature K and the mean curvature H of S.

Q8 Consider the upper half plane model H = {(u,v) € R?> : v > 0} of the hyperbolic
plane, with first fundamental form given by

1

2’

E(u,v) = = F(u,v) =0, G(u,v) =

)
'112

(a) Let a < b and ¢ > 0. Calculate the hyperbolic area of the subset
R:={(u,v) eH:a<u<bwv>c}

(b) Calculate the geodesic curvature of the curve v : [a,b] — H, ~(t) = (¢,¢) for
some constant ¢ > 0.

(c) State the Gauss-Bonnet Theorem and explain all involved terms. Using the
fact that H has constant Gauss curvature —1 (without proof), verify in full
detail that the Gauss-Bonnet Theorem holds for the set R.
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