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SECTION A

Q1 (a) Find the minimal polynomials of θ =
√

5 + i over Q(
√

5) and over Q(i).

(b) Given θ =
√

5 + i, express
√

5 and i in the form a + bθ + cθ2 + dθ3 where
a, b, c, d ∈ Q, and find the minimal polynomial of θ over Q.

Q2 (a) By considering automorphisms in a suitable Galois group or otherwise, prove
that 3

√
7 6∈ Q( 3

√
2).

(b) Give an explicit basis of the field Q( 3
√

2, 3
√

7) as a vector space over Q.

Q3 (a) Find the Galois group of the cubic polynomial x3 + 4x− 4 over Q.

(b) Find the Galois group of the quartic polynomial x4 + 3x− 3 over Q.

Q4 Let ζ ∈ C be an 85th primitive root of unity and set L = Q(ζ).

(a) Find the degree [L : Q] and describe the structure of Gal(L/Q) as a direct
product of cyclic groups.

(b) How many distinct subfields K ⊂ L are there with [K : Q] = 2?

SECTION B

Q5 (i) Find all complex roots of the polynomial x4 − x
√

6 + 7/4.

(ii) Suppose that α and β are algebraic over Q and their minimal polynomials have
degrees m and n respectively.

(a) Prove that in general we have [Q(α, β) : Q] ≤ mn. Give an example of α
and β with [Q(α, β) : Q] 6= mn.

(b) Suppose further that Q(α)∩Q(β) = Q and Q(α)/Q is a normal extension.
Prove that in this case we have [Q(α, β) : Q] = mn.

Q6 Given a primitive 17th root of unity ζ ∈ C, define fields

K = Q(θ) where θ = ζ + ζ2 + ζ4 + ζ8 + ζ−1 + ζ−2 + ζ−4 + ζ−8,

L = Q(µ) where µ = ζ + ζ4 + ζ−1 + ζ−4.

(a) Show that the Galois group Gal(Q(ζ)/Q) is generated by the automorphism σ
defined by σ(ζ) = ζ6.

(b) Show that θ = (−1±
√

17)/2.

(c) Show that θ ∈ L.

(d) Find the minimal polynomial of µ over K.
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Q7 (i) Let K = F2(θ) where θ is a root of f(x) = x4 + x+ 1 ∈ F2[x].

(a) Prove that [K : F2] = 4 and explain why the polynomials

g(x) = x4 + x3 + 1 and h(x) = x4 + x3 + x2 + x+ 1

both split completely in K[x].

(b) Find all roots of f(x), g(x) and h(x) in K as linear combinations of the
F2-basis {1, θ, θ2, θ3} of K.

(ii) How many distinct irreducible polynomials of degree 12 are there in F2[x]?

Q8 Let d = 2 +
√

3 and θ =
√

2 +
√
d, and define L = K(θ) where K = Q(

√
3).

(a) Prove that [L : K] = 4 and explain why L/K is a cyclic Galois extension.

(b) Suppose that σ is a generator of Gal(L/K). Prove that

σ(θ) = ± 1

θ
√
d

and σ2(θ) = −θ.

(c) Explain why there exists A ∈ K(i) such that L(i) = K(i)( 4
√
A).

(Here, i =
√
−1 is a square root of −1 in C.)

Find an explicit value for A and prove that L(i) = Q(ζ48) where ζ48 is a 48th
primitive root of unity.
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