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SECTION A

Q1 (a) Write the definition of a unitary operator U.

(b) Show that an operator U is unitary if and only if it preserves the inner product
between any two states.

(c) If U and V are two unitary operators, show that the product UV is also unitary.

Q2 The Hilbert space of a two-dimensional Quantum Mechanical system has an or-
thonormal basis B = {|a), |b)}. Consider the observable operator M, where

M = a|a)(al + BIb){al + 2ila)(b],
and where «, § are constants.

(a) How is « constrained, and what is the value of 37

(b) At time ¢ = 0 a measurement of M is made and a value of —1 found. Use this
information to completely determine the matrix form of M in the basis B.

(c) What is the state |¢) immediately after the measurement of M = —17

(d) What is the other possible outcome of a measurement of M that could have
been found?

(e) Suppose the state evolves under the influence of some Hamiltonian H. What
property of H is required for there to be a non-zero probability of measuring
the other possible value of M at a later time?

Q3 State what are the angular momentum operators J;, (i = z,y, z) in three dimensions
and state their basic commutation relations, including those with the total angular
momentum operator J2.

(a) Using the basic commutation relations evaluate the following commutators:
[ 2 (e @y — gl
b) Evaluate the following commutator explicitl
g y
2 3%+ 57

and explain the physical significance of the result in terms of rotational invari-
ance.
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Q4 A quantum particle with energy E is propagating in the potentials A) and B) shown
in the images below. For potential A), as x — £o00, V(2) — oo . For potential B), as
r— —o0,V(zr) — Vy,and as x — oo, V(x) — 0. Based on the general properties
of quantum systems, answer the following questions:

\
X
A)
V
Vs,
B)

a) What is the nature of the quantum spectrum of the |)article in these two
potentials? Is it continuous or discrete?

(b) Sketch the qualitative form of the wave function for both systems, indicating
where the particle is most likely to be found.
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SECTION B

Q5 A charged particle in an external magnetic field B has a Hamiltonian that includes
the terms

H- - 1.8
2m

where the angular momentum in the “natural” representation is given by the fol-
lowing system of matrices:

0 01 1
0 00 ; L, =14h|-10
0 0 0 0

o O O

Assume that the magnetic field points in the z direction, B = (0,0, B,). At time
t = 0, the angular momentum is measured in the z direction to have value L, = h.

(a) What is the wavefunction of the state immediately after this measurement?
(b

)

) Find the state of the system at any later time, t.
(c¢) Hence find (L(t))
)

)

(d) Determine (L(t)") = (£2) + (£2) + (L2).

(e) Demonstrate that your result is consistent with Ehrenfest’s theorem, namely
that

ALy —i, .
T €<[L,H]>.
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2m 2

In addition we define the annihilation and creation operators as
1 1
0= ——(ip+mws) , a =

vV 2mhw VvV 2mhw

(a) Using the commutation relation [%,p] = ih determine the commutator [a,a'].

(—ip + mwz) .

(b) Use your result to express H in terms of the number operator, i = afa.

(c) Hence show that
[a,H] = wa ; [af, H = —wa' . (1)

(d) A “squeezed state” can be thought of as a ground state of the ‘wrong’ harmonic
oscillator. That is, instead of obeying the usual condition for a ground state
that a|y) = 0 or equivalently (mwz + ip)|i)) = 0, a squeezed state satisfies

(mQ(t) & +1ip) 1) = 0 (2)

where (t) # w is generally complex and a function of time. Show that

T

is a properly normalised squeezed state.

(e) Such a squeezed state must evolve according to Schrédinger’s equation, namely
as [(t)) = e ™ p(0)). If we define the initial value of Q so that it is real,
Q(0) = wo, use this fact and the relations in Eqgs. (1) and (2) to find Q(t) in
terms of wy and w.

(f) Hence show that the width of the squeezed state, Az = \/(2?) — ()2, oscillates
in time as

where Az(0) is its value at ¢ = 0. (Hint: You may use [*° e %22 = VA

CONTINUED
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Q7 A quantum particle is in a 3D spherically symmetric potential V(r) =
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Laplacian in 3D is given by

VQ_lg(Qa) L?

rzar \\ or)  m?
where the angular momentum operator satisfies
LY (0,¢) = 11+ DAY (0, 9),

answer the following questions.

(a) Starting from the time-independent Schrédinger equation, derive the angular
and radial equations for this system. Outline all the steps when deriving the

equations.

(b) Solve the angular part of the Schrodinger equation and write the general form
of the angular wavefunction. Based on the angular solution, determine whether
the energy spectrum of the system is degenerate. Briefly explain your reason-

ing.

(c) Write the effective potential Vig(r) for the radial equation, including the cen-
trifugal term. Sketch Vig(r) for [ = 0 and [ # 0. Comment on the qualitative

features of the potential.

(d) Focus on the spherically symmetric case:

(i) Using the WKB approximation, derive the quantization condition for the

energy levels of the system. Show explicitly that E, ~ (n + 1/2)

(ii) Discuss whether the energy levels are equidistant. Please, compare this be-
havior to the harmonic oscillator (V(r) = r?) and explain how the spacing

changes with n increasing.
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Q8 A quantum particle is propagating in a 2D simple harmonic oscillator potential.

EDO01/2025

The unperturbed Hamiltonian for a unit mass is given by

2 .2
o Py 1
Ly By —w?(z® + 7).

H,
079 T 9 Ty

A perturbation is introduced in the system as
§V =a(x* —y*) + b,

where a and b are positive numbers.

If you know that  and ¢y expressed in term of creation and annhilation operators
are

. ho,. . . h ...
= ﬂ(aijal), g = %(ay—l—az), (3)

answer the following questions:

(a) Write the energy spectrum of the unperturbed system. Explain whether the
energy levels are degenerate and determine the degeneracy of the n-th energy
level.

(b) Express 6V in terms of the ladder operators dx,&;fc,dy,d; and work out the
first-order correction to the ground-state energy as well to the state, due to the
perturbation.

(c¢) Apply degenerate perturbation theory to evaluate the energy shifts for the first
excited state (n = 1). Explain the physical significance of the perturbation 6V
and how it affects the symmetry and degeneracy of the unperturbed system.

(d) Work out the approximate energy of the states (n,,ny), ng, n, > 1, due to the
perturbation.(Hint: In this part it is useful to look at structure of the matrix
0V as well how different elements in the matrix depend on n,,n,, and do that
for some explicit examples, for egn =3 or n =5.)
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