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SECTION A

Q1 (a) Let Ra s, Rpr/a - E> — E? be rotations by 7/4 in counterclockwise direction
in the Euclidean plane about A € E? and B € E?, A # B, respectively. Denote
© = Rp x4 0 R4z Find the type of .

(b) Let ABC be a Euclidean triangle with ZA = ZB = 7/4 and ZC = 7/2. Let
N be the midpoint of AB and let ron be a reflection with respect to the line
CN. Show that rony o Rp r/4 © Ra x4 is a reflection.

Q2 (a) Prove or disprove that there exists an affine map f : R? — R? satisfying
f(,1)=(1,2), f(1,2) = (2,1), f(0,1) = (2,3).
(b) Let f:R?* — R? be a continuous map. Assume that there exist A = (a1, ag) €
R2, r > 0, and an affine line [ C R? such that for

B.(A) == {z € R¥*(z; — a1)* + (12 — a)* < 1*}
one has f(B,(A)) C l. Prove that f is not affine.

Q3 Let ABCD be a quadrilateral on the hyperbolic plane. Assume that AB = BC =a
and /A= /B =/C =7/2. Assume also that D € JH>.

(a) Compute cosh a.

(b) Find coshd, where d is the diameter of the circle inscribed into the triangle
ACD.

Q4 By a right-angled hyperbolic polygon we will mean a polygon P C H? such that all
angles of P are right angles.

(a) Is there a right-angled hyperbolic pentagon containing a right-angled hyper-
bolic hexagon? Justify your answer.

(b) Is there a right-angled hyperbolic hexagon containing a right-angled hyperbolic
pentagon? Justify your answer.

SECTION B

Q5 (a) Prove or disprove that there exists a projective map f : RP! — RP' satisfying
fA:1)=01:-2), f(=2:5)=(-1:5), f(—1:-2)=(1:—-4).
(b) Let I := {x; — x5 = 0} C RP? be a line in the projective plane and A = (0 :
0:5), B=(1:1:1), C=(1:1:2), D=(1:1:3) € be four points on the
line . Compute the cross-ratio [D, A, C, B].

(c) Let m C RP? be a line and P € RP?, P ¢ m be a point. Prove that there
exists a projective map f : RP? — RP? with f(m) = {z; + 25 + 23 = 0} and
f(P)=(2:1:2).
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Q6 Let D = (d;;) , i,j = 1,2,3, be an invertible 3 x 3 matrix, and let the map f :
RPQ — R]P)Z be defined by f(ZL‘l LT 173) = (Ejdljxj . Ejdgjl‘j . Ejdg,jl‘j).

(a) Prove that (y; : 2 : y3) € RP? is a fixed point of f if and only if (y1, ya, ys) is
an eigenvector of the matrix D.
(b) Let I, 1y C RP? be two lines, I; # Iy, and assume that f(I;) = I, and f(ly) = ly.

Is it true that [; always contains a fixed point? Justify your answer.

(¢) The points Ay, By,Cy, Dy € RP? are given in homogeneous coordinates by
Ai=(1:3:1),B=3:1:1),C;=(2:2:1), Dy =(1:1:0). Is there a
projective transformation of RPP? which maps the points Ay, By, Cy, Dy
to Ag =(0:0:1), Bp=(1:0:0), Co=(1:1:1), Dy=(0:1:0)

respectively? Justify your answer.

Q7 Three distinct circles C', Cy, C'3 on the Euclidean plane have a unique common point
O. Cy forms an angle 7/3 with both other circles Cy and Cj.

(a) Show that there exists either a circle or a line C' tangent to each of Cy, Cy, Cs
simultaneously.

(b) Is it true or false that the circle or line C' tangent to each of C}, Cy, C3 simul-
taneously is unique? Justify your answer.

(c) Let A; be the point of intersection of the circles Cy and Cj distinct from O.
Define similarly As and Az (as intersection points of circles Cy, C3 and Cq, Cy
respectively).

Let v be a circle or line passing through the points O and Ajs, bisecting the
angle between C; and (5 and intersecting C5 at a point B distinct from O.
Find the cross-ratio [0, As, B, A1].

Q8 Let A and B be points on the hyperbolic plane and let R4, and Rp . be rotations
by m around these points. Let ¢ = Rp 0 R4 .

(a) Determine the type of the isometry . Justify your answer.

(b) Let rap be a reflection with respect to the line AB. Find the type of the
isometry r4p 0 Rar o 7ap. Justify your answer.

(c) Let G = (p, Ra~) be the group of isometries of H? generated by ¢ and Ra .
Is it true or false that G acts on H? discretely (i.e. that the orbit of any point
P € H? has no accumulation point in H?)? Justify your answer.
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