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SECTION A

Q1 (a) Show that �0 := �1
2 +

p
3i

6 2 H is stabilized by 
0 :=
�

1 1
�3 �2

�
under linear

fractional transformations.

(b) Show that for the automorphy factor we have j(
0, �0) = �e2�i=6. Conclude
that any modular form for Γ0(3) of weight k not divisible by 6 vanishes at �0.

Q2 (a) Define Dedekind’s eta-function �(� ) and state (without proof) the transfor-
mation formulas under the generators S and T of SL2(Z).

(b) Show that Im(� )1=4j�(� )j is invariant under SL2(Z) and bounded on the entire
upper half plane H.

Q3 Let f , g and h be non-zero arithmetic functions.

(a) Prove that if f is a multiplicative function, then f (1) = 1.

(b) Define the Dirichlet convolution of two arithmetic functions f and g.

(c) Show that if f and g are multiplicative, then h = f � g is also multiplicative.

(d) Suppose h = f � g. Let p 6= q be distinct primes. Show that if h and f are
multiplicative, then g(pq) = g(p)g(q).

Q4 Recall that Λ(n) denotes the von Mangoldt function defined by

Λ(n) =

8<
:

log p if n = pk is a prime power,
0 otherwise.

(a) State the Abel summation formula, also known as the partial summation
formula.

(b) Show X
p�x

log p
p

= log x + O(1).

You may use here that

X
n�x

Λ(n)
n

= log x + O(1).

(c) Apply partial summation to deduce that

X
p�x

1
p

= log log x + O(1), for x � 2.
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SECTION B

Q5 Consider the Hecke subgroup Γ0(3) � SL2(Z). For f a non-zero meromorphic
form of weight k for Γ0(3), the valence formula reads

ord1(f ) + ord0(f ) +
1
3

ord�0(f ) +
X

P2F 0;P 6=�0

ordP(f ) =
k
3

.

Here F 0 denotes a set of representatives for the Γ0(3)-action on H and - see Q1
of this exam - �0 2 H is the only point (up to equivalence) with non-trivial stabilizer

0 of order 3 in Γ0(3)= � I. Further, Γ0(3) has two equivalence classes of cusps,
1 and 0.

(a) Describe the zeros of a (non-zero) modular form in the spaces M2(Γ0(3)),
S6(Γ0(3)), and S8(Γ0(3)).

(b) Show that a non-zero cusp form in S6(Γ0(3)) cannot be expressed as a poly-
nomial of forms for Γ0(3) of weight 2 and 4.

(c) The Eisenstein series F (� ) := E4(� ) and G(� ) := E4(3� ) form a basis of
M4(Γ0(3)). Use these forms to explicitly construct a non-zero cusp form f in
S8(Γ0(3)). You may assume that G takes the value c = 3�4 at the cusp 0.

(d) You may assume that M2(Γ0(3)) is one-dimensional spanned by a form E(� ).
Use this and the form g constructed in the previous part to explicitly construct
a cusp form of weight 6 for Γ0(3).

Q6 Let Q1(x , y ) = x2 + 5y2 and Q2(x , y ) = 2x2 + 2xy + 3y2 = 2(x + y=2)2 + 5
2y2 be two

binary positive definite quadratic forms of level 20.

You may assume that the associated theta series �(� , Qi) are modular forms of
weight 1 for Γ0(20) for the quadratic residue (Dirichlet) character ��20(n) given by
��20(n) = (�1)(n�1)=2

�
n
5

�
for gcd(n, 20) = 1 and 0 else (in particular ��20(2) = 0).

So �(
� , Qi) = ��20(d)j(
, � )�(� , Qi) for all 
 =
�

a b
c d

�
2 Γ0(20). You also may

assume that the space of such forms is two-dimensional.

The theory of Hecke operators extends to this space with Tp given by “bn = apn +
��20(p)an=p” for all primes (including 2 and 5).

(a) Compute the Fourier coefficients for both theta series up to index 3.

(b) Compute T2 for both �(� , Q1) and �(� , Q2) and find eigenvectors f1 and f2 and
their eigenvalues under T2. Conclude that f1 and f2 are eigenvectors for all
Hecke operators.

(c) One of the forms you have found, say f1(� ) =
P1

n=0 anqn, has non-zero con-
stant coefficient a0. Show that, if normalized (a1 = 1), we have

ap = ��20(p) + 1

for all primes p. Describe what this means in terms of the representation
numbers of the quadratic forms Q1 and Q2. Verify this for p = 2 and p = 3.
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Q7 Let �(s) =
P1

n=1
1
ns , denote the Riemann zeta function, absolutely convergent in

the region Re(s) > 1.

(a) Prove that
P1

k=2(�(k )� 1) = 1.
(Hint: You may use the Dirichlet series here.)

(b) Show that for any � > 1 and any t 2 R,

log �(� + it) =
1X

n=2

Λ(n)
n� log(n)

(cos(log(n)t)� i sin(log(n)t)).

Here Λ(n) denotes the von Mangoldt function as defined in Question 4.

(c) Prove that for any � > 1 and any t 2 R,

j�(�)5�(� + it)8�(� + 2it))4�(� + 3it)j � 1.

(Hint: You may use here the relations 2 cos2 � = 1+cos 2� and 2 cos 2� cos � =
cos � + cos 3�.)

(d) Deduce that �(1 + it) 6= 0 for any t 2 R. You may use here that � has only one
simple pole at s = 1.

Q8 Throughout this question, let q be a positive integer, let d j q satisfying d < q
be a proper divisor, and let � be a non-trivial Dirichlet character modulo q. Given
any real number N � 1, let

S�(N) :=
X

1�a�N

�(a). (1)

(a) Prove that X
1�a�q

�(a) = 0.

(b) Suppose you are given that there exists an integer c satisfying c � 1 mod d ,
gcd(c, q) = 1 and �(c) 6= 1. Then prove that we must have

X
1�a�q

a�1 mod d

�(a) = 0.

(c) Using partial summation or otherwise, prove that for Re(s) > 1,

L(s,�) = s
Z 1

1
y�1�sS�(y )dy ,

where S�(y ) be as in (1) and L(s,�) =
P1

n=1
�(n)
ns denotes the Dirichlet L-

function. Show further that the above equation gives an analytic continuation
of L(s,�) to the region Re(s) > 0.

(d) Suppose you are given that jS�(N)j � p
q log q, for every N � 1. Then

prove that for any s = � + it with 1=2 < � < 1,

jL(s,�)j � jsjq 1��
2 log q.

Here, the implied constant is allowed to depend on �.
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