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SECTION A

Q1 (a) Let R be an integral domain. Define what it means for R to be a Euclidean
Domain.

(b) Let R be a Euclidean Domain with Euclidean function ¢. Show that if a,b €
R\ {0} and b is a non-unit, then ¢(ab) > ¢(a). (Hint: divide a by ab with
remainder.)

Q2 (a) Show that v/—2+ 1/—22 is not a root of any monic quadratic polynomial with
coefficients in Q.

(b) Is % an algebraic integer? Justify your answer.

Q3 (a) Find the fundamental unit in Z[%ﬁ]
(b) Find all the solutions of the equation

2 — 13y =1,

where z,y € Z.

SECTION B

Q4 Let K = Q(v/5) and A = Z[V/5].

(a) Prove that p = (2,1 + v/5) 4 is a maximal ideal of A.
(b) Prove that p? = 2p.

(c) Prove that there is no ideal I of A such that Ip = (2)4. (Note that A # Ok, so
prime ideals may not have inverses, unique factorisation into prime ideals may
fail, the ideal norm is not necessarily multiplicative and Kummer—Dedekind
does not apply to A.)
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Q5 Let a € C be a root of a polynomial
"+ ap2" T+t +ag, @ €Z, n> 2,

such that there exists a prime number p dividing a; for 0 < i < n — 1 but p? does
not divide ag. Let K = Q(«).
(a) Show that a™/p € Ok and that p* does not divide Ng(a).
(b) Suppose that p divides |Of /Z[a]|. Show that there is an element £ € O such
that € ¢ Z|a] and such that
p§ = bo + blOé + -+ bn_loénil, bl € Z,
where not all of the b; are divisible by p. (Hint: Use Cauchy’s theorem that a
finite group whose order is divisible by p has an element of order p.)
(c) Let & be as in the previous part and let j > 0 be the least index such that b,
is not divisible by p. Show that
(bjoznfl)/p S OK.

(Hint: You may want to start by considering the case j = 0.)
(d) Consider the norm Nk ((b;a™1)/p) to prove that p does not divide |Ok /Z[c]|.

3

Q6 You are given that the polynomial f(z) = 2% — 2% — 2 — 8 is irreducible over Q.

Let 6 € C be a root of f(z) and K = Q(0).
(a) Compute Ag(1,0,6%).

(b) You are given that 3 = (6% + 0)/2 € Ok. Compute Ag(1,6,3) by relating
it to Ag(1,6,6%). Use a result from the lectures applied to the full lattice
S =17Z[1,0, 5] C Ok to deduce that Z[1,0, §] = Ok.

Q7 (a) Show that Q(v/6) has class number 1. You may use the Minkowski bound,
4

|
given by By = <—> &\/|AK|.
T/ n"

(b) Let K = Q(v/—65) and R = Og. Let p be a prime ideal of R that divides
(3)r. Show that [p] has order 4 in the class group CI(R). (Hint: consider the
element 4 4+ 1/—65.)

SECTION C

Q8 (a) Determine the p-adic expansion of 1%1}7, for an arbitrary prime number p.

(b) Determine the 5-adic expansion of 2.

(c) Show that a p-adic integer
a=ay+ap+ap’ +---

is a unit in Z,, (i.e., has a multiplicative inverse that is also a p-adic integer) if
and only if ag # 0.
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