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SECTION A

Q1 Prove or disprove the following assertions:

(a) The subset of R® given by
M ={(z,y,2) eER’ [ 2 =0} U{(,y,2) ER’ [z =y =0}

is a smooth submanifold of R3.

(b) The subset of R? given by
M = {(z,y,2) € R® | 2® + 29> + 72> = 1}
is a smooth 2-dimensional submanifold of R3.

Q2 (a) State the definition of a differentiable vector field on a smooth manifold M.
(b) Let

0 0
X =— Y =2x—
axand x@y

be two differentiable vector fields on R? equipped with the usual chart given
by the identity map. Show that XY is not a linear derivation on C*°(R?) by
applying it to the product of the smooth real-valued functions f, g on R? given

by f(z,y) = = and g(z,y) = y.
(c) Compute the Lie bracket of the vector fields X and Y.

Q3 Prove or disprove the following assertions:
(a) Let
P={(z,y,2) eR* | 2* +y* + 2> =1 and (z,y,2) # (0,0,1)} C R®.

Then the Riemannian metric induced on P by the Euclidean metric on R3 is
geodesically complete.

(b) There exists a Riemannian metric g on R* such that the Christoffel symbols
Ff’j(p) of its Levi—Civita connection V in local coordinates at some point p are

given by
Fh(p) =0, F%l(p) =0,
F%z(ﬁ) =1, F%2(p) =0,
Ty (p)=—1, T3(p) =0,
F%2(p) =1, Fg?(p) = 0.

(c) Every complete Riemannian manifold with positive sectional curvature is com-
pact.
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Q4 Let P = {(z,y,2) | 2 = 22 + 4} C R? be a paraboloid and let ¢: P — R? be a
global chart given by
v (@, y) = (g, 2% + 7).
Consider the smooth map f: R? — P given by

fu,v) = (u,3v,u* + 9?).

(a) Compute the matrix of the differential D f,, ,,) at a point (u,,v,) € R? in
terms of the bases of Ty, ,,)R? and Ty(y, ., P determined by the coordinate
tangent vectors.

(b) Find a Riemannian metric g on P such that f becomes an isometry with respect
to the Euclidean metric on R? and compute its matrix expression (g;;) in the
coordinates (z,y). You may assume, without proof, that f is a diffeomorphism.

SECTION B

Q5 (a) Let ¢ '(z,y) = (f(z)cos(y), f(x)sin(y), h(x)) with f: [a,6] — (0,00) be a
coordinate chart of a smooth surface of revolution S C R3. Assume that
S carries the Riemannian metric g induced by the Euclidean metric on R3.

Assume, furthermore, that
(f'(2))*+ (R(z))? =1 for all z € [a, b].

Compute the local expression (g;;) of the Riemannian metric g in the coordi-
nates given by the chart ¢ and show that

)
Vigr "

o _ 9 flx)o
Vaay = Vaar T T oy
o D

Va%(‘)_y —f(@)f (95)%

(b) Prove or disprove the following statement: Any two tori T™ and T™ with m # n
are locally diffeomorphic.
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Q6 Fix n > 2 and let M(n,R) denote the set of n x n matrices with real entries,
Sym(n) = {A € M(n,R) | AT = A} be the set of n x n real symmetric matrices,

and ”
_ n—1 0
= (M4

where Id; denotes the k x k identity matrix. Let
O(n—1,1)={Aec M(n,R) | AJAT = J}.
(a) Show that each matrix in O(n — 1,1) is invertible and that O(n — 1,1) is a

group under matrix multiplication.

(b) Define f: M(n,R) — Sym(n) by f(A) = AJAT. Show that
Dfa(B) = AJB" + BJAT

for any A, B € M(n,R) and conclude that, for A € O(n—1,1) and C' € Sym(n),
1

(¢) Show that J € Sym(n) is a regular value of f.
(d) Show that O(n — 1,1) is a Lie group and determine its dimension.

Q7 (a) Let M = S%*(1) x S?(1) be the Riemannian product of two copies of the 2-
dimensional unit round sphere. Show that M has non-negative sectional cur-
vature. You may use, without proof, results on product Riemannian manifolds
seen in the lecture.

(b) Does there exist a geodesic v: [a,b] — H" in n-dimensional hyperbolic space
and a non-zero Jacobi field J along v with J(a) = J(b) = 07 Justify your
answer. You may use, without proof, results on Jacobi fields and curvature
seen in the lecture.

(c) Let M be a smooth manifold and let V be an affine connection on M. The
conjugate connection V* is defined by

ViY =VxY —T(X,Y),

where T'(X,Y) = VxY — Vy X — [X, Y] is the torsion of V. Show that V* is
an affine connection on M and that the torsion of V* is —T.
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Q8
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(a)

Let (M, g) be a Riemannian manifold and c¢: [a,b] — M be a geodesic. Let X
be a smooth parallel vector field along ¢. Show that the map ¢ — (X (¢),(t))
1s constant.

State the symmetries of the curvature tensor R of a Riemannian manifold
(M, g).

Let (M, g) be an n-dimensional Riemannian manifold and let R be its Rieman-
nian curvature tensor. The Ricci tensor of M is defined as

Ric(X,Y) = Tr(Z — R(Z, X)Y),

where XY, Z are smooth vector fields on M, i.e. Ric is the trace of the en-
domorphism Z — R(Z, X)Y. In terms of an orthonormal basis {e;}! ; of the
tangent space, Ric is given by

Rmxmzz)m@xwﬁy

Show that Ric defines a (g) symmetric tensor field on M.
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