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SECTION A

Q1 We consider the following Cauchy problem for the unknown function u : Rn → R,{
x · ∇u(x) = 0, x ∈ Rn,
u(x) = 1, x ∈ Γ,

(1)

where n ∈ N, n ≥ 2, x = (x1, x2, . . . , xn) and

Γ := {x = (x1, x2, . . . , xn) : xn = 0}.

(a) Show that the map f : Rn → Rn given by f(x) = x is globally Lipschitz
continuous. Compute its Lipschitz constant.

(b) Give a parametrisation for Γ and find all the points on it which are non-
characteristic. Justify your answer.

(c) Find a classical solution to (1).

Q2 Let Ω ⊂ Rn be an open set. Let u ∈ C2 (Ω) ∩ C
(
Ω
)

be such that

∆u (x) = λu (x) , x ∈ Ω

for some λ ∈ R.

(a) Define the function
v (x, t) := eλtu (x) .

Show that v satisfies the heat equation in Ω× (0,+∞), i.e.

vt (x, t)−∆v (t,x) = 0, x ∈ Ω, t > 0.

(b) Assume in addition that λ ≥ 0 and that u is non-negative and show that

max
x∈Ω

u (x) = max
x∈∂Ω

u (x) .

Q3 Consider the following system{
ut(x, t) + uxxx(x, t) = 0, x ∈ R, t > 0,
u(x, 0) = u0(x), x ∈ R. (2)

where u0 is a smooth function. Let u be a smooth solution for (2).

(a) Write the differential equation that the (spatial) Fourier transform of u, û(ξ, t),
satisfies and consequently show that

û(ξ, t) = û0 (ξ) eiξ
3t, ξ ∈ R, t > 0.

You may assume that u0, the solution u, and all their derivatives are smooth
enough and go to zero fast enough at infinity so that you can use all the
formulae from class for the Fourier transform.

(b) Assuming in addition that u0 ∈ L2 (R) and that u(·, t) ∈ L2 (R) for all t > 0
show that

‖u(·, t)‖L2(R) = ‖u0‖L2(R)

for all t > 0.
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SECTION B

Q4 We consider the following Cauchy problem for the unknown function{
∂xu(x, y) + u(x, y)∂yu(x, y) = y, (x, y) ∈ R2,
u(0, y) = y, y ∈ R. (3)

We aim to use the method of characteristics to solve this.

(a) Determine the type of the PDE in (3) from the point of view of linearity.
Justify your answer.

(b) Give a parametrisation of the Cauchy curve and find all non-characteristic
points.

(c) Write down and solve the ODEs for the characteristics and for the solution
along the characteristic. Using the solutions to these ODEs, write the solution
to (3) and its domain of definition.

Q5 Consider the Cauchy problem associated to Burgers’ equation{
∂tu(x, t) + u(x, t)∂xu(x, t) = 0, (x, t) ∈ R× (0,+∞),
u(x, 0) = u0(x), x ∈ R, (4)

were u0 : R→ R is given by

u0(x) =


0, x < −1,
x+ 1, −1 ≤ x < 0,
−x+ 1, 0 ≤ x < 1,
0, 1 ≤ x.

(a) Draw the graph of u0 and in a separate figure sketch the characteristics.

(b) Find the first instance when the characteristics cross. At which location is this
happening? Justify your answer.

(c) Discuss the need for shocks and rarefaction waves in order to construct a weak
entropy solution to (4).

(d) Write down the ODEs satisfied by all the potential shocks. There is no need
to solve these ODEs. [Hint: the corresponding left and right limits need to be
carefully considered.]
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Q6 Let Ω ⊂ Rn be an open and connected set.

(a) Show that if u, v ∈ C2
(
Ω
)

then for any x ∈ Ω and r > 0 such that Br(x) ⊂ Ω∣∣∣∣∫
Br(x)

u(y)dy −
∫
Br(x)

v(y)dy

∣∣∣∣ ≤ sup
z∈Ω
|u(z)− v(z)| |Br(x)| ,

where |Br(x)| is the volume of the open ball of radius r centred at x.

(b) Show that if {vn}n∈N is a sequence of C2
(
Ω
)

functions which are harmonic on

Ω and if v ∈ C2
(
Ω
)

is a function such that

lim
n→∞

(
sup
z∈Ω
|vn(z)− v(z)|

)
= 0,

then for any x ∈ Ω and r > 0 such that Br(x) ⊂ Ω we must have that

v(x) =
1

|Br(x)|

∫
Br(x)

v(y)dy.

You may use without proof the fact that uniform convergence of a sequence of
functions implies pointwise convergence.

(c) Is v(x) from sub-question (b) harmonic on Ω? Justify your answer.

Q7 For a given open and bounded domain with smooth boundary Ω ⊂ Rn we define
the functional

E : C1
(
Ω× [0, 1]

)
→ R

by

E[u] =

∫ 1

0

∫
Ω

(
1

2
u2
t (x, t) +

u2(x, t)

2
|∇u(x, t)|2

)
dxdt.

Let V be the set of all functions ϕ ∈ C1
(
Ω× [0, 1]

)
such that

ϕ(x, 0) = ϕ (x, 1) = 0, x ∈ Ω,

ϕ (x, t) = 0, x ∈ ∂Ω, t ∈ [0, 1].

Assume that u is a smooth minimiser for E[u]. Show that for any ϕ ∈ V we have
that∫ 1

0

∫
Ω

(
−utt(x, t)− u(x, t) |∇u(x, t)|2 − u2 (x) ∆u (x, t)

)
ϕ (x, t) dxdt = 0.
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SECTION C

Q8 We consider the function f : R→ R defined as

f(x) =

{
1
2

(x2 − 1) , x ∈ (−1, 1),
0, otherwise.

(a) Show that the function f is continuous but not differentiable.

(b) Compute f ′′ in the sense of distributions.

(c) We say that a distribution T ∈ D′(R) is non-positive, if (T, ϕ) ≤ 0 for all
ϕ ∈ D(R) with ϕ(x) ≥ 0, x ∈ R. Show that f ′′ is not non-positive.

(d) Show that there exists c0 > 0 such that the function g : R→ R defined as

g(x) := f(x)− c0

2
x2

has a non-positive second derivative in the sense of distributions.
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