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SECTION A

Q1 Let (m,V) be a finite dimensional complex representation of some finite group G
and let (-,-) be a G-invariant inner product on V.

(a) Let (m, W) be a non-trivial subrepresentation of (7, V') and let
WH={veV|{v,w)=0foral we W},

such that V.= W @ W+. Show that (7, W) is also a subrepresentation of
(w, V') and thus that
(m, V) = (x,W) & (m, W™).

(b) Using the definition of a character, show that X w1y = X(=,v) = X(x.w)-

Q2 Let M®™ 1D be the complex vector space with basis

1 ...i-1++1 ... n 1<i<n

9
%

the set of Young tabloids of shape (n—1,1), and let (, ./\/l("_l’l)) be the permutation
representation of the symmetric group, S,,, arising from the natural action of S,, on
this basis.

(a) Show that (m, ML) is isomorphic to the standard permutation represen-
tation of S, arising from the action of S,, on C".

(b) You may assume that
(m, MUTED) = (7, 80) @ (m, S"THY),

as 9, representations. Using this, or otherwise, compute Resgz_l(ﬂ, MO=L)Y),
Give your answer as a sum of Specht modules.

Q3 (a) Write down the definition of U(1) and show that the Lie algebra of U(1) is
u = {if | 6 € R}.
(b) What is the kernel of exp : u; — U(1)?
(¢) For which choice of A € R does the Lie algebra isomorphism
¢:iup — Uy 0 — I,

exponentiate to a Lie group homomorphism v : U(1) — U(1)?

Q4 Let V be a, not necessarily finite dimensional, k-vector space, for k either R or C.
Let End(V') be the k-vector space of linear maps from V' to itself.

(a) Show that End(V') forms a Lie algebra with Lie bracket
[-,-] : End(V) x End(V) — End(V),
defined
[f,9]=fog—gelf,
for all f,g € End(V). You may assume [-, -] is bilinear.

(b) Let U be a subspace of V. Show that h = {f € End(V) | f(v) € U, ¥v € V} is
a Lie subalgebra of End(V).
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SECTION B

Q5 Consider the group GG with presentation
(r,s|r®=s*=1, srs =1r?),
often called the quasidihedral group. You may assume the order of G is 16.

(a) Given an irreducible representation (7,V’) of G you may assume we can pick
a non-zero eigenvector v of m(r) with eigenvalue A, i.e. 7(r)v = Av. Using
this method, or otherwise, show that all irreducible representations of G' have
dimension at most 2.

(b) Using part (@) find all 1-dimensional irreducible representations of G.

(c¢) Find all the remaining irreducible representations of G.

Q6 Let G be a group of order 24. The conjugacy classes of G and their sizes are shown
below. The classes are labelled according to the order of their elements, for example
C34 and C3p are two different classes consisting of elements of order 3. You are also
given two of the irreducible characters of G and some values of another irreducible
character. Here w = exp(2mi/3).

class Cl CQ CgA CgB C4 CGA CGB
size | 1 1 4 4 6 4 4
Y= |1 1 w w1
X, |2 -2 -1 -1 0
Xa —w —w?

o2
1
w2

£ — &

(a) You may assume the union of conjugacy classes N = C; UCy UCy is a normal
subgroup in G and G/N = (3, the cyclic group of order 3. By finding the
character table of ('35 and then lifting characters, or otherwise, find two other
1-dimensional characters of G.

(b) How many irreducible representations of G are there and what are the remain-
ing unknown dimensions? Give justification for your answer.

(c) Compute xgy,2, and use it to complete the character table of G.
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Q7 Let GG be a linear Lie group and let g be its Lie algebra. The Killing form is a
bilinear form « : g x g — C defined by (A, B) = tr(ads o adp), for all A, B € g,
where ad4 € End(g) is the linear map corresponding to the adjoint representation
ofgat Aeg.

(a) Consider sl ¢ with the standard basis {X,Y, H}.

(i) Compute the matrices of ady, ady and ady with respect to the standard
basis.

(ii) Show that « is non-zero on sl c.

(b) Let ¢, : g — g be the invertible linear map given by Z — gZg~!, for g € G.
Show that
adgag,—1 o adypg—1 = ¢g0ady oadp o gbg_l,

for all A, B € g, as elements in End(g).
(c) Hence, or otherwise, show that « is invariant under the adjoint action of G,
ie.forallge Gandall A,Beg
r(Ady(A), Ady(B)) = (A, B).

Q8 Let Syml(Cz) be the [-th symmetric product of the standard representation of sl ¢,
for I € N. Consider A*Sym!(C?).
(a) Show that all the weights of A Sym!(C?) are even.

(b) By considering the weight 0 vectors of A*Sym'(C?) deduce that the number
of irreducible constituents of A*Sym!(C?) is I/2 when [ is even and (I + 1)/2
when [ is odd.

(c) Let [ = 2r be even. Show, by induction on r or otherwise, that

1/2

A’Sym!(C?) = €D Sym*~>C”.
=1
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