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SECTION A

Q1 Throughout this problem, (X,7T') and (Z, S) are topological dynamical systems.
(a) Give two alternative (but equivalent) characterisations of what it means for
(X,T) to be minimal.

(b) Suppose the product system (X x Z,T x S) is minimal. Show that (X, 7T) and
(Z,S) are also minimal.

(¢) Now suppose (X,T) and (Z,S) are minimal. Is it necessarily true that the
product (X x Z,T x S) is also minimal? Justify your answer.
Q2 (a) State Poincare’s recurrence theorem.
(b) Prove Poincare’s recurrence theorem.

Q3 Let n € Nsy. For each z = (z)reny € {1,...,n} (that is, for each sequence with
entries x; € {1,...,n}) and each j € {1,...,n}, we define

1
freqy(z) i= lim G0 < k<N =10 o = j}

if this limit exists.

(a) Let A € {0,1}™" be an irreducible adjacency matrix and (X%, o) the corre-
sponding subshift of finite type. Suppose P is a stochastic matrix which is
compatible with A and let up be the associated Markov measure.

Show that for each j € {1,...,n} and pp-almost all z € X}, freq;(z) exists,
and compute its value.

(b) Given any a € (0,1), show that there is an uncountable set of points = €
{1,...,n}" such that freq,(z) = a.

Hint: Pick some positive row vector ® = (my,Ta,...,T,) with 11 = a and
m +me+...+m, = 1. Find a stochastic matrix P with wP = m and consider
the Markov measure pup for an appropriate subshift of finite type. What is
freq, (z) for pp-almost all x in this subshift? Show that up({z}) =0 for every
singleton set {x} and conclude that only uncountable sets have positive measure.

Q4 Let f: [0,1] — [0, 1] be a strictly increasing continuous map on the unit interval with
exactly two fixed points 0 and 1. Throughout this problem, you may use without
proof that each invariant measure p of ([0, 1], f) is of the form

p=X0o+ (1—\) 6y
for some A € [0, 1]. Here ¢y and ; denote the §-measure at 0 and 1, respectively.

(a) Which are the ergodic measures of ([0, 1], f)? Justify your answer.
(b) For each invariant measure, compute the metric entropy.

(c) What is the topological entropy of ([0, 1], f)? Justify your answer.
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SECTION B

Q5 (a) Give an example of a topological dynamical system on T' = R/Z which has
no fixed points. Justify your answer.

(b) Show that every topological dynamical system on the unit interval [0, 1] has a
fixed point.

(c¢) Suppose (X, f) and (Y, g) are topologically conjugate dynamical systems. Show
that if (X, f) has a fixed point, then (Y, g) has a fixed point and vice versa.

(d) Using (a), (b), and (c), show that T! is not homeomorphic to [0, 1].

Q6 In the following, (X, T) is a topological dynamical system. Recall that we call (X, T')
topologically mixing if for each pair of open sets U,V C X there is n € N such
that for all N > n, we have TV(U) NV # 0.

(a) Let p be an invariant measure of (X, 7). State the definition of when we call
the measure preserving system (X, B, 4, T') mixing.

(b) Suppose u assigns a positive value to each non-empty open set, that is, for
every open set U # (), we have u(U) > 0. Suppose further that (X, B, u, T') is
mixing. Show that (X, T) is topologically mixing.

(¢) True or False: If (X, T) is topologically mixing and  is an invariant measure of

(X, T) which assigns a positive value to each non-empty open set, then (X, T)
is mixing with respect to u. Justify your answer.

Q7 (a) Suppose X is a compact metric space. State the definition of a positively
expansive continuous map 7 : X — X.
(b) Let T : T* — T! be the doubling map, that is, T'[z] = [2z] for all [z] € T! =
R/Z. Show that i is an expansivity constant for 7.
Hint: Without proof, you may use the fact that for all [z],[y] € T,

either dpi([x], [y]) > % or dp(Tx]|,T[y]) = 2 - dp([z], [y]).

(¢) Show that a positively expansive continuous map on a compact metric space
X has finitely many fixed points.

Q8 Let n € Nsj. Recall that the one-sided full-shift (on n symbols) is the topo-

logical dynamical system ({1,2,...,n}, o) where {1,2,...,n}" is the collection of
all one-sided infinite sequences (xy)ren With entries z;, € {1,2,...,n} and o is the
left shift.

(a) Show that the one-sided full-shift is positively expansive.
(b) Compute the topological entropy h of the one-sided full-shift on n symbols.

(c) Is there a subshift of ({1,2,...,n} o) whose topological entropy is bigger
than the topological entropy h of the one-sided full-shift on n symbols? Justify
your answer.
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