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SECTION A

Q1 Let X, Y be infinite-dimensional Banach spaces and let T : X → Y be a linear
operator.

(a) Show that T is injective if and only if for every linearly independent set B ⊂ X
the image set T (B) ⊂ Y is linearly independent.

(b) Show that if T is bijective and B ⊂ X is a Hamel basis of X, then the image
set T (B) ⊂ Y is a Hamel basis of Y .

Q2 Let 1 ≤ p ≤ ∞. For k ∈ N define fk : `p(N)→ C by

fk(x) = xk, x = (xn)n∈N ∈ `p(N).

(a) Show that fk ∈ `p(N)∗ for every k ∈ N and every 1 ≤ p ≤ ∞.

(b) For which 1 ≤ p ≤ ∞ is the sequence (fk)k∈N weakly-∗ convergent in `p(N)∗?
For p for which we have weak-∗ convergence, what is the limit? Justify your
answers.

Q3 Let H be a Hilbert space and let T ∈ C(H) be densely defined.

(a) State the definitions of the point spectrum σp(T ), the continuous spectrum
σc(T ) and the residual spectrum σr(T ).

(b) With T ∗ denoting the (Hilbert space) adjoint operator, show that if λ ∈ σr(T )
then λ ∈ σp(T ∗).

Q4 (a) Let X be a Banach space and T ∈ C(X). Show that if (T − λ0)
−1 is compact

for some λ0 ∈ ρ(T ) then T has compact resolvent, i.e. (T −λ)−1 is compact for
all λ ∈ ρ(T ).

(b) Let T : `2(N)→ `2(N) be defined by

Tx =

(
n

n+ 1
xn

)
n∈N

, x = (xn)n∈N ∈ `2(N).

Show that T does not have compact resolvent.
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SECTION B

Q5 For k ∈ N, let ek denote the k-th standard basis element of `2(N), i.e. (ek)n = δkn,
and define Tk : `2(N)→ `2(N) by

Tkx = kxkek, x = (xn)n∈N ∈ `2(N).

(a) Show that for every k ∈ N the operator Tk is bounded and find its operator
norm ‖Tk‖.

(b) Check for each of the following cases whether there exists a bounded linear
operator T : `2(N)→ `2(N) satisfying the respective convergence:

(i) Tkx
w→ Tx as k →∞ for every x ∈ `2(N).

(ii) Tkx→ Tx as k →∞ for every x ∈ `2(N).

(iii) ‖Tk − T‖ → 0 as k →∞.

Justify your answers.

Q6 (a) Show that the set{
f ∈ L2(0,∞) : ∃x0 ≥ 0 such that ∀x ≥ x0 : f(x) = 0

}
is dense in L2(0,∞).

(b) Define T : L2(0,∞)→ L2(0,∞) by

(Tf)(x) = m(x)f(x), f ∈ L2(0,∞),

with function

m(x) =
∞∑

n=1

1

n
χ[n−1,n)(x)

where χ[n−1,n)(x) denotes the characteristic function of the interval [n− 1, n).
Show that the range R(T ) ⊂ L2(0,∞) is dense but R(T ) 6= L2(0,∞).
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Q7 Define T : D(T ) ⊂ `2(N)→ `2(N) by

Tx =

(
∞∑

n=k

xn

)
k∈N

, x = (xn)n∈N ∈ D(T )

on the operator domain

D(T ) =

x = (xn)n∈N ∈ `2(N) :
∞∑

k=1

∣∣∣∣∣
∞∑

n=k

xn

∣∣∣∣∣
2

<∞

 .

Define

Φ :=

{
y = (yn)n∈N ∈ D(T ) :

∞∑
n=1

yn = 0

}
.

(a) Show that the (Hilbert space) adjoint operator satisfies Φ ⊂ D(T ∗) and

T ∗y = −Ty + y, y ∈ Φ.

(b) Show that the operator S = i(T ∗ − 1
2
) on D(S) = Φ is a symmetric operator.

You may use without proof that Φ ⊂ `2(N) is dense.

Q8 Let (H, 〈·, ·〉) be a Hilbert space and let T : H → H be a bounded linear operator.
Define

B(ϕ, u) = 〈Tϕ, Tu〉, ϕ, u ∈ H.

(a) Show that B is a bounded sesquilinear form.

(b) Show that B is coercive if the point 0 is in the resolvent set ρ(T ).

(c) Assume that 0 ∈ ρ(T ) and let f ∈ H∗. Show that there exists a unique u ∈ H
such that

∀ϕ ∈ H : B(ϕ, u) = f(ϕ). (1)

For f = 〈·, x〉 with a fixed x ∈ H, find an explicit expression for the unique
solution u of (1).
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