DAl ]
W Durham

University

EXAMINATION PAPER

Examination Session: Year: Exam Code:

May/June 2025 MATH43720-WEO1

Title:
Stochastic Analysis V

Time: 3 hours

Additional Material provided:

Materials Permitted:

Calculators Permitted: No Models Permitted: Use of electronic calculators
is forbidden.
Instructions to Candidates: Answer all questions.

Section A is worth 40% and Section B is worth 60%. Within
each section, all questions carry equal marks.

Write your answer in the white-covered answer booklet with
barcodes.

Begin your answer to each question on a new page.

Revision:

ED01/2025
University of Durham Copyright



I 1 Me, . . - - - --T=======-=-- A
, Page number , Exam code

1 20f5 l . MATH43720-WEO1 |

SECTION A

Q1 Let (W;);>0 be a Brownian motion in R.

(a) Justify your answers as to whether each of the following stochastic processes
is a Brownian motion or not.
(i) X = 2Wt/4
(11) }/;5 = WQt — Wt
(iil) Z; := VW,

(b) Prove that the following stochastic process is a Brownian motion:

tW, t
Bt — 1/t» >0
0, t=0

Hint: Carefully discuss the continuity of ¢t — B; at t = 0.

Q2 (a) Let X = (X,)nez, be a discrete-time martingale with respect to a filtration
(Fn)nez, , such that Xy = 0. Show that

n—1

E[X?] = ZE[(XIH-I — Xi)?]
k=0

for each n € N.

Now let (Z,)nen be a sequence of independent random variables, such that
E[Z,)=0 and  Var(Z,) =9"

for each n € N, for some v € (0,1), and let F,, = 0(Z1, Za, ..., Zy,), n € Z4, be the
natural filtration of this sequence. Let My = 0, and

M, = Zn: Zy,
k=1

for each n € N.

(b) Show that M = (M, )nez, is a martingale with respect to (Fy)nez, -
(c) Use the result of part (a) to show that M is bounded in L?.

Q3 In your answers to the following parts, you may use, without proof, the result
that any bounded and continuous real-valued martingale M is of finite quadratic
variation and (M, M) is the unique continuous, adapted and increasing real-valued
process such that M? — (M, M) is a martingale.

(a) Let M,;,t € Ry, be a continuous real-valued local martingale. Prove that there
is a unique continuous increasing adapted process (M, M), vanishing at zero,
such that M? — (M, M) is a continuous local martingale.

(b) Show that if M;,t € R,, is a continuous and bounded real-valued martingale,
then
E[(M; — M)*] = E[(M, M),].
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Q4 (a) Let B be a Brownian motion on R, and K be a progressive process on the same
filtered probability space satisfying, for every ¢ > 0,

t
E[/ K2ds
0

Denote by H? the set of the L?-bounded and continuous martingales (i.e., all
continuous martingales M satisfying sup,cp, E[M7] < 00), and Hg the subset
of H? vanishing at 0.

< 00.

Use the stopping technique and stochastic integration theory on HZ for a pro-
gressive process, say K, satisfying

]E{/ [?Szds
0

to construct the stochastic integral fot K, dB, for all t > 0.

< o0,

(b) Verify that you can use part (a) of this question to define M; = fot By dBs.
(c) Calculate (M, M); and E[M?].

SECTION B

Q5 (a) State the definition that a continuous function w: [0,7] — R has a finite
quadratic variation.

(b) Let u: [0,7] — R be a C''-function. Prove that its quadratic variation is zero.

(c) Let (W;)icp,r be a Brownian motion defined on a probability space (€2, F,P).
Define

ng—1

[W]t,T = Z |Wti+1 - Wti|2’

=0

where t = (¢;)i, with 0 = ¢y < t; < --- < t,,, = T is any partition of [0, 7.
Prove that
lim [W)er =T in L*(Q,P).

[t|]—0
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Q6 Let (&)ien be a sequence of independent and identically distributed random vari-
ables, such that

P=1)=p and PE=-1)=1-p

for some p € (0,1), and let F,, = 0(&1,&s,...,&n), n € Z,, be the natural filtration
of this sequence. Let Sy =0 and

Snzz;@

for each n € N. Let
T=inf{ne€Z,:S,=k}

for some k € N, and let X,, = 25" for each n € Z,..

(a) Show that the process X = (X, )nez, is a martingale with respect to the
filtration (F,)nez, for a particular value of p, which you should identify.

(b) State Doob’s supermartingale convergence theorem, and then use it to show,
with the value of p found in part (a), that the limit

lim Xn/\T
n—00

exists almost surely.

(c) Show that this limit is given by

lim X,ar = 281 (1co0)-

n—oo

(d) Using the result of part (c), prove that

IP’( sup S, > k) =27k

neEZy

Q7 Let Xy, t > 0, be a real-valued submartingale such that E[|X}|] < oo for every t > 0.
For some t € (0,00), let t,,n = 1,2,..., be a sequence decreasing to t, i.e., such
that £, \ t as n — oo.

(a) Use the submartingale downcrossing inequality to prove that

Xit(w) == lim X, (w)

exists for almost every w € €.
(b) Prove that sup,cyE[| X3, |] < oc.
(¢) Show that X;, ,n =1,2,..., is uniformly integrable with respect to expectation.
(d) Prove that E[|X;|] < occ.
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Q8 Let X7, t € R, be the solution of the following stochastic differential equation

EDO01/2025

AXT = —XTdt +dW,,  X¢ =z,

where W;, t € R, is a standard Brownian motion on R, and z € R. For any
bounded measurable function f: R — R, let

Pf(z) =E[f(X})], teR;, z€R

(a) Prove, using the Markov property, that for any ¢, s > 0, and f being bounded
and measurable,
]Dt o Psf = IDt+sf-

(b) Verify that X[, t > 0, is given by

X} =exp{—t}z+ /Ot exp{—(t — s)} dW.

And use this to show that for any ¢ > 0, X is a Gaussian random variable
with mean e*z and variance 1(1 — e¢~?'), and

(y —e ')’

Pif(r) = \/ﬁ/ﬁgﬂy)exp{ - W}dy-

(c¢) Let A be the infinitesimal generator of X, ¢t € R,. Prove that

1 d? d
Af =5qa! —7q!

when f € C?is bounded and has bounded continuous derivatives up to second
order.
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