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SECTION A

Q1 (a) Let n ≥ 2 be an integer. Compute the number of Dyck paths of length 2n
whose first peak is at height 2.

(b) Denote by pk(n) the number of Young diagrams λ ` n with exactly k rows.
Show that

pk(n) = pk(n− k) + pk−1(n− k) + pk−2(n− 2)

for all n > k and k > 2.

Hint: Partition the pk(n) diagrams according to the number of boxes in rows
k − 1 and k.

Q2 (a) Let w = 4 6 8 5 9 3 7 1 2 ∈ S9. Apply the Robinson–Schensted–Knuth (RSK)
algorithm to compute the insertion and recording tableaux P and Q.

(b) Let (P ′, Q′) be a pair of standard Young tableaux of shape λ = (4, 2, 1, 1, 1) ` 9,
where

P ′ =

1 2 5 9

3 7

4

6

8

Q′ =

1 2 7 8

3 5

4

6

9

(i) Find w′ ∈ S9 which is taken to the pair (P ′, Q′) by the RSK algorithm.

(ii) Find w′′ ∈ S9 which is taken to the pair (Q′, P ′) by the RSK algorithm.

Q3 Let ∆ be a root system of type A3.

(a) Find the Coxeter number of ∆.

(b) Let W be the Weyl group of ∆, i.e. W = 〈s1, s2, s3 | s2
i , (s1s2)

3, (s2s3)
3, (s1s3)

2〉.
Show that the subgroup of W generated by s2 and s1s3 is dihedral and find its
order.

Q4 Let ∆ be a root system of type B4, and denote by ∆l the set of long roots of ∆.

(a) Show that ∆l is a root system and find its type.

(b) Let W be the Weyl group of ∆l. Show that any two reflections in W are
conjugated to each other, i.e., for any two reflections r1 and r2 there exists
g ∈ W such that r1 = gr2g

−1.
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SECTION B

Q5 Given a permutation w = w1 · · ·wn ∈ Sn, recall that an inversion of w is a pair of
integers i, j ∈ {1, . . . , n} with i < j and wi > wj. Let inv(w) denote the number of
inversions of w.

(a) Calculate inv(w) for each permutation w ∈ S3, and for n = 3 show that the
generating function finv(x) :=

∑
w∈Sn x

inv(w) is of the form

finv(x) =
2∏

k=0

gk(x),

where gk is a polynomial of degree k that you should determine.

(b) State and prove a formula for finv(x) that holds for general n ∈ N.

(c) Define the Major index maj(w) of a permutation w ∈ Sn, and show that maj
and inv are equidistributed permutation statistics.

Q6 (a) Carefully define the Young lattice Y, and prove that it is indeed a lattice.
Determine whether Y is a distributive lattice.

(b) Fix the Young diagram λ = (3, 1) ` 4, and let Pλ be the poset on boxes (i, j) of
λ with (i, j) ≤Pλ (k, l) if and only if i ≤ k and j ≤ l. Draw the Hasse diagram
of Pλ and its poset of order ideals J(Pλ).

(c) Prove that for any Young diagram µ the number of saturated chains in Y from
∅ to µ equals the number of standard Young tableaux of shape µ.

Q7 Let (G,S) be a Coxeter system, G = 〈S | s2
i , (sisj)

mij〉, and let T ⊂ S. Define
GT to be the subgroup of G generated by elements of T . (We call GT a standard
parabolic subgroup of G.)

(a) Let w = s1 . . . sk be a word, with all si ∈ T . Show that for any M -reduction
w → w0 all words obtained during the procedure belong to GT .

(b) Let Γ = 〈T | s2
i , (sisj)

mij〉. Define a homomorphism φ : Γ → G by φ(si) = si.
Show that kerφ is trivial.

(c) Show that (GT , T ) is a Coxeter system.

Q8 Let ∆ be a root system of type C3.

(a) Compute the Coxeter number of ∆ and the exponents of the Weyl group of ∆.

(b) Let P be the root poset of ∆. Draw the Hasse diagram of P .

(c) Draw the Hasse diagram of the poset of order ideals of P . Identify join-
irreducible elements.
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