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1 Some vector identities

∇ ·
(
fA

)
=

(
∇f

)
· A + f∇ · A (F1)

∇ ×
(
fA

)
=

(
∇f

)
× A + f∇ × A (F2)

∇ ×
(
∇ × A

)
= ∇

(
∇ · A

)
− ∇2A (F3)(

A · ∇
)
A = 1

2∇|A|2 − A ×
(
∇ × A

)
(F4)

∇ ·
(
A × B

)
= B ·

(
∇ × A

)
− A ·

(
∇ × B

)
(F5)

∇ ×
(
A × B

)
=

(
B · ∇

)
A −

(
A · ∇

)
B + A∇ · B − B∇ · A (F6)

∇
(
A · B

)
=

(
A · ∇

)
B +

(
B · ∇

)
A + A ×

(
∇ × B

)
+ B ×

(
∇ × A

)
(F7)

2 In cylindrical coordinates (r, θ, z)

∇f = er∂rf + eθ

r
∂θf + ez∂zf (F8)

∇·A = 1
r

∂r(rAr) + 1
r

∂θAθ + ∂zAz (F9)

∇×A =
(1

r
∂θAz − ∂zAθ

)
er +

(
∂zAr − ∂rAz

)
eθ + 1

r

(
∂r(rAθ) − ∂θAr

)
ez (F10)

∇2f = 1
r

∂r
(
r ∂rf

)
+ 1

r2 ∂θθf + ∂zzf (F11)

∇2A =
(
∇2Ar − 1

r2 Ar − 2
r2 ∂θAθ

)
er +

(
∇2Aθ + 2

r2 ∂θAr − 1
r2 Aθ

)
eθ + ez∇2Az (F12)(

B · ∇
)
A = er

(
B · ∇Ar − BθAθ

r

)
+ eθ

(
B · ∇Aθ + BθAr

r

)
+ ez B · ∇Az (F13)
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3 In spherical coordinates (r, θ, ϕ)

∇f = er∂rf + eθ

r
∂θf + eϕ

r sin θ
∂ϕf (F14)

∇·A = 1
r2 ∂r

(
r2Ar

)
+ 1

r sin θ
∂θ

(
Aθ sin θ

)
+ 1

r sin θ
∂ϕAϕ (F15)

∇×A = er

r sin θ

(
∂θ(Aϕ sin θ) − ∂ϕAθ

)
+ eθ

r

( 1
sin θ

∂ϕAr − ∂r(rAϕ)
)
+eϕ

r

(
∂r(rAθ) − ∂θAr

)
(F16)

∇2f = 1
r

∂rr(rf) + 1
r2 sin θ

∂θ

(
sin θ∂θf

)
+ 1

r2 sin2 θ
∂ϕϕf (F17)

∇2A =
(
∇2Ar − 2

r2 Ar − 2
r2 sin θ

[
∂θ(sin θAθ) + ∂ϕAϕ

])
er

+
(
∇2Aθ + 2

r2 ∂θAr − Aθ

r2 sin2 θ
− 2 cos θ

r2 sin2 θ
∂ϕAϕ

)
eθ

+
(
∇2Aϕ + 2

r2 sin θ
∂ϕAr + 2 cos θ

r2 sin2 θ
∂ϕAθ − Aϕ

r2 sin2 θ

)
eϕ (F18)(

B · ∇
)
A = er

(
B · ∇Ar − BθAθ

r
− BϕAϕ

r

)
+ eθ

(
B · ∇Aθ − BϕAϕ

r
cot θ + BθAr

r

)
+ eϕ

(
B · ∇Aϕ + BϕAr

r
+ BϕAθ

r
cot θ

)
(F19)

4 Bessel functions

Bessel functions u(r) = Jn(r) and u(r) = Yn(r) are solutions to the ODE

r2u′′ + ru′ +
(
r2 − n2)

u = 0. (F20)

Both Jn(r) and Yn(r) → 0 as r → ∞; Jn(0) = δn0, and |Yn(r)| → ∞ as r → 0.

5 Legendre polynomials

When ℓ is an integer, the ODE

(1 − s2)u′′ − 2su′ + ℓ(ℓ + 1)u = 0, (F21)

has polynomial solutions Pℓ(s).

[The other solutions Qℓ(s) are singular at s = ±1, and for non-integer ℓ neither set of solutions
is well defined at s = ±1.]

6 Transport theorems

d
dt

∫
Vt

f dV =
∫

Vt

(Df

Dt
+ f∇ · u

)
dV [for a material volume Vt] (F22)

d
dt

∫
St

b · dS =
∫

St

(
∂b

∂t
− ∇ ×

(
u × b

)
+ u∇ · b

)
· dS [for a material surface St] (F23)

d
dt

∫
γt

a · dl =
∫

γt

(
∂a

∂t
− u × ∇ × a + ∇

(
u · a

))
· dl [for a material curve γt] (F24)

2


	Some vector identities
	In cylindrical coordinates (r,\theta,z)
	In spherical coordinates (r,\theta,\phi)
	Bessel functions
	Legendre polynomials
	Transport theorems

