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1. (a) Let a; = —2, az = 1, and for an integer n > 2 let

1
Ap1 = §(an + an—1)~

1 n
—4. (== [6]
w=t(-3)
n—1 k
1 n"
1) =
1( - k> !

Show that

(b) Show that

o

for every integer n > 2. [4]

2. Let (ap)nen, (bn)nen be bounded sequences of positive numbers, and let

A={a, € R|neN}, B ={b, e R|neN}.
Consider
C={a, b, e R|neN}
(a) Show that sup(C') < sup(A) - sup(B). [4]
(b) Give an example of bounded sequences of positive numbers (ay,)nen, (bn)nen
such that sup(C') < sup(A) - sup(B). Justify your statement. [6]

3. Calculate the limit, or show that the limit does not exist, of the following sequences.
State any results that you are using.
(n+2)*— (n+1)
(a) @, = ’ (3]

n

(b) yn = Vn>+1, [4]
0 e (10 (DY () ’

4. (a) Determine liminf and limsup of the following sequence. Justify your
statements.

I + (—=1)"(2n —1) [4]
"o 2n4 ()"t (n—1)
(b) Let (z5)nen, (Yn)nen be bounded sequences. Show that

liminf(z, + y,) < liminf z,, + limsup y,, < limsup(z,, + y,). [6]

n—oo n—oo n—oo n—oo
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5. (a) Decide whether the following series are convergent. State any results that you
use.

0y (2,7 ) 27", 3]

n=1
=Vt 1—/n
(n); Fc [3]

(b) Show that the following equality holds.

- 1 1
g log (1 — ﬁ) = log <§) . [4]
k=2

6. (a) Give the e-d definition for a function f on an open set X C R to be continuous
at ¢ € X. Also give the characterization of continuity in terms of limits. [3]

(b) Let f(z) be the function on (—1,1) defined by

22 +2 ifx <0
f@)_{x?m if 2> 0.

Show that f is not continuous at x = 0 in two different ways, independently
employing the two characterizations of continuity in (a). [7]

7. (a) Carefully state the mean value theorem. (3]

(b) Explain why the mean value theorem applies to f(z) = y/x on the interval
[a, b] for any 0 < a < b. Explicitly verify the theorem. [7]

8. (a) Show >.°° a%*2 = (Z for || < 1. Use this identity to express

fla) = (3n+2)z""*
n=0
explicitly as a rational function. Carefully justify your reasoning. (7]
(b) Denote the above function by f(z). For which k does the k-th derivative
f®)(0) at £ = 0 vanish? 3]

9. (a) Let g, = /2 and consider the non-equidistant partition of [1,2] by 1 = ¢° <

G <@ <---<q'=2 thatis, 2y = ¢*, k= 0,...,n.
Define (with proof!) a sequence of step functions f,(z) associated to the
above partitions which converges uniformly to f(z) = % [5]
(b) Use these step functions f,,(x) to compute ff %dm directly from the definition.
('Hopital will help.) [5]
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10. (a) Let ¢t > 0. Use the growth theorem to show that
log(1+1t) <t.

Conclude that for all € [a,b], a compact subset of (0,00), and £ > 0 we

have
log(1 4 e F®) < ek, (5]

(b) Show that
flz) = Zlog(l + ey
k=0

defines a continuous function on (0, 00). Explain your reasoning. [5]
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