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1. In this question full marks cannot be obtained without showing all your working.

(a) Find the line of intersection of the two planes in R3 given by

x+ 2y = 4 and x− y − z = 1 .

Express your answer in both Cartesian and parameterised forms. [5]

(b) Find all unit vectors v in R4 which are at an angle of 2π/3 to the vectors

v1 =


1
1
1
1

 v2 =


1
−1
−1
1

 v3 =


2
0
0
0

 .
[5]

2. For what values of s does the following system of equations have a unique solution?

x+ y − sz = 1
sx− sy + z = 1
x+ (s+ 1)y = 1

Justify your answer, quoting any results from lectures that you use. [5]

For those values of s for which you think the system of equations does not have
a unique solution, determine whether they have no solutions or infinitely many
solutions. When there are infinitely many solutions, find the solution set. [5]

3. (a) Define what is meant by an inverse of a square matrix, and prove that a
square matrix can have at most one inverse. [4]

(b) Define what is meant by a vector subspace of a vector space V . [2]

(c) Let

S =

{
p(x) ∈ R[x]2 : p′(1) = 0 and

∫ 1

0

p(x)dx = 0

}
,

where p′(1) denotes the value of the derivative of p(x) at 1. You may assume
that S is a vector subspace of R[x]2, the space of polynomials of degree at
most 2. Find a basis for S and give a basis for R[x]2 that includes your basis
for S, justifying your answer. [4]
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4. (a) Define what it means for a set of vectors {v1, . . . ,vm} ⊂ Rn to be linearly
independent. Define also the span of the vectors {v1, . . . ,vm}. [2]

(b) Prove that if {v1, . . . ,vm} ⊂ Rn are linearly independent and u ∈ Rn is not an
element of their span, then {u,v1, . . . ,vm} are also linearly independent. [4]

(c) Suppose {v1, . . . ,vn} are n vectors in Rn. Let A be the n× n matrix whose
columns are given by the vi. State and prove an ‘if and only if’ relation
between the RREF of A and whether or not the vectors {v1, . . . ,vn} are a
basis for Rn. You may assume that the set {v1, . . . ,vn} being a basis of Rn

is equivalent to them being linearly independent. [4]

5. (a) Let V and W be vector spaces. Define what it means to say that a function
T : V → W is a linear map, and define what is meant by the image, the
kernel, the rank and the nullity of T . [5]

(b) You are told that the function T : R[x]2 → R[x]3 given by

T (p(x)) = p′(x) + 2p(x) +

∫
p(x)dx

is a linear map. Write down its matrix with respect to the standard bases of
R[x]2 and R[x]3, and compute the rank and nullity of T . [5]

6. Find the characteristic polynomial of the matrix

A =

 1 −2 3
0 0 1
−1 2 −1


and use it to find An for any integer n ≥ 3. Hint: Use the Cayley-Hamilton
theorem. [10]

7. Show that the matrix

A =

(
−2 3
−6 7

)
is similar to a diagonal matrix D. Find an appropriate matrix M that can convert
A to D. [10]
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8. Let V = C2. For z = (z1, z2) and w = (w1, w2) in V , define

〈z,w〉 = z1w1 + a z2w2 + b z1w2 + ic z2w1,

where in general a, b, c ∈ C. Determine all values of a, b, c for which 〈z,w〉 is a
complex inner product on V .

For such values of a, b, c, find all vectors u ∈ C2 orthogonal to the vector

v =

[
1
0

]
. [10]

9. Let V = R[t]2 denote the real vector space of all real polynomials in t of degree at
most 2. Equip V with the inner product

〈f, g〉 =

∫ 1

0

2 f(t) g(t) dt , (f, g ∈ V ).

Let U = { f ∈ V : f(0) = 0 and f(1) = 0 }. Find a basis for the orthogonal
complement U⊥. [10]

10. Let
G = { fa,b : R→ R | fa,b(x) = ax+ b, a, b ∈ R, a 6= 0 }.

Define a binary operation • on G by function composition:

(fa,b • fc,d)(x) = fa,b(fc,d(x)).

Prove that (G, •) is a group. Determine whether this group is abelian or
non-abelian. [10]

ED01/2026
University of Durham Copyright

END


