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1. (a) Consider the following system of linear equations:

3x+ y + z = 9,

x+ 3y + z = 11,

x+ y + kz = d,

where k and d are real numbers.

(i) Show that the system does not have a unique solution when k = 1
2
. [4]

(ii) When k = 1
2
, for which value(s) of d does the system have no solutions

and for which value(s) of d does it have infinitely many solutions? [4]

(iii) In the case of infinitely many solutions, find the solutions in parametric
form. [4]

(b) Find all complex solutions to e8z − 2e4z + 2 = 0. [6]

(c) Show that |z − w|2 = |z|2 + |w|2 − 2Re(zw) for z, w ∈ C. Hence show that

when |z| = |w| = 1,

∣∣∣∣ z − w1− zw

∣∣∣∣ = 1. [7]

2. (a) (i) For which value(s) of c ∈ R does the set


1

1
0

 ,

1
c
1

 ,

0
1
1

 form a

basis for R3? [3]

(ii) Find the coordinates of u =

3
7
4

 with respect to the basis in part (i). [4]

(b) Consider the plane P : 2x− y + 2z = 6 and the line L:

x =

1
2
1

+ t

 1
−1
2

 , t ∈ R.

Find a Cartesian equation of the plane that contains L and is perpendicular
to P . [6]

(c) You are given that the eigenvalues of the matrix A =

(
97 −70
105 −78

)
are

λ1 = −8 and λ2 = 27.

(i) Find the eigenspaces corresponding to the eigenvalues and hence find a
matrix Y such that Y −1AY is diagonal. [7]

(ii) Find a matrix B that satisfies B3 = A. [5]
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3. (a) Calculate the following limits or explain why they don’t exist, stating any
standard results you use.

lim
x→∞

1√
x2 + 9x−

√
x2 + x

, lim
x→0

(
1

x2 + 2x
− sin(2x)

(x2 + 2x)2

)
. [8]

(b) Using the definition of the derivative as a limit, show that f(x) = cosx is
differentiable for all x and find its derivative f ′(x).

You may use the fact that lim
t→0

sin t

t
= 1 without proof. [8]

(c) Find the degree 2 Taylor polynomial of the function f(x) =
√

3 + x about
the point x = 0. Estimate the maximum error in using this polynomial to
estimate f(x) over the interval 0 ≤ x ≤ 0.1. [9]

4. (a) Determine all critical points of the function

f(x, y) = x3 + 2y3 − 6x2 − 6y2 + 9x

and classify each as a local minimum, local maximum or saddle point. [8]

(b) By using the substitution u = y−2 or otherwise, find the general solution of
the first order differential equation

2x2 dy

dx
− 2xy = y3ex. [8]

(c) Find the general solution of the second order differential equation

y′′ + 4y′ + 4y = 4e−2x

and hence find the solution satisfying y(0) = y′(0) = 1. [9]
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