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1. (a) Find the real and imaginary part of the complex numbers

7− i
2− 3i

and e−iπ/4.

[Your answers should be simplified, not left in terms of cos or sin functions.] [6]

(b) Differentiate with respect to x the functions

ln(1− x2) and x(1/x). [7]

(c) Use the definitions of sinh and cosh in terms of exponentials to show that

sinh(x) cosh(y) = A sinh(x+ y) +B sinh(x− y)

where A and B are constants which you should give. [7]

2. (a) Use de Moivre’s theorem to show that

cos(3θ) = C cos3(θ) +D cos(θ),

where C and D are constants which you should find. [6]

(b) Evaluate the indefinite integral ∫
4

x4 − 1
dx. [7]

(c) Find all (real or complex) solutions to the equation

z4 = −1− i.

(You can leave your answers in polar form, but you should state how many
different solutions there are.) [7]

3. (a) Compute the limits, stating clearly any results about limits that you use:

lim
x→1

x2 + x− 2

x3 − 1
, lim

x→0
x cos

(1

x

)
, lim

x→∞

x3 + 1

x5 − 1
. [9]

(b) Use the derivative of sinhx to find
d

dx
(arcsinhx) . Your result should be

simplified so it does not involve (inverse) hyperbolic functions. [6]

(c) Evaluate the definite integral∫ π/2

0

cosx sin2 x dx . [5]
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4. (a) Explain the difference between conditional and absolute convergence of a
series

∑∞
k=0 ak. [4]

(b) Determine whether or not the series

∞∑
n=1

(n+ 1)2e−n,

∞∑
n=2

1

n · ln(n)

converge. [8]

(c) Determine the interval of convergence for the power series

∞∑
n=1

4n

ln(n)
(x− 2)n.

Determine whether the series converges at the endpoints of the interval of
convergence. [8]

5. (a) Let f(x) = ln(cos(x)).

(i) Find the third-order Taylor polynomial p3(x) of f(x) about x = 0.

(ii) Give the Lagrange form of the remainder and use it and the fact that
| tan(x)| ≤ 1

2
for x ∈ [0, 1

3
], to show the estimate∣∣∣∣f (1

3

)
− p3

(
1

3

)∣∣∣∣ ≤ 35

26 · 35
. [10]

(b) For which values of λ ∈ R do the following four vectors form a basis of R4?

v1 =


λ
1
λ
2

 , v2 =


1
λ
1
3

 , v3 =


2
1
1
λ

 , v4 =


1
1
1
1

 .
[10]

6. For which values c ∈ R does the system of linear equations

(c2 − 1)x+ (c− 1)y − cz =− 1

(c2 − 1)x+ 2(c− 1)y − z =− 1

(c− 1)y + z = c

have (a) no solutions, (b) a unique solution, (c) infinitely many solutions?

Find the solutions in cases (b) and (c) explicitly and, in case (c), determine whether
the solution represents a line or a plane. [20]
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7. Consider the matrix

M :=

 1 1 1
1 1 −1
−1 1 3

 .

Find a matrix P such that P−1MP is diagonal. Compute P−1 and use these results
to show that

M21 =

 1 221 − 1 221 − 1
221 − 1 1 1− 221

1− 221 221 − 1 222 − 1

 . [20]
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