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(a)

Exam code

Find the real and imaginary part of the complex numbers

7T—1 :
—im/4
5 3 and e i

[Your answers should be simplified, not left in terms of cos or sin functions.]

Differentiate with respect to = the functions

In(1 — 2?) and 21/,

Use the definitions of sinh and cosh in terms of exponentials to show that
sinh(x) cosh(y) = Asinh(z + y) + Bsinh(z — y)

where A and B are constants which you should give.

Use de Moivre’s theorem to show that
cos(36) = C cos*(6) + D cos(h),

where C' and D are constants which you should find.
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Evaluate the indefinite integral

4
/x4_1dx. (7]

Find all (real or complex) solutions to the equation

A =—1—1.

(You can leave your answers in polar form, but you should state how many
different solutions there are.)

[6]
(¢c) Compute the limits, stating clearly any results about limits that you use:
Coxt4ax—2 . 1
lim —————, lim x cos <—> . [6]
rx—1 xr° — 1 x—0 x
(d) Let G = {e,a,b} with the operation e given by
Find the inverse of each element. Show that (G, e) is not a group. (6]
Find the interval of convergence of the power series
= 1
Z 1+ ek xk’
k=0
and decide about convergence and divergence of this power series at the
boundary values of this interval. [7]
(b) Let f(x) = e*cos(z). Calculate its Taylor polynomial Ps(x) of degree 3 about
2 = 0 and show that, in the interval x € (—%, %),
V3
7(@) = Py(a)] < 2 10)
(¢) Consider the following system of linear equations:
T1 + 229+ 323 — 34 = a,
7[L‘1 + T2 + 81’3 + 51’4 == b,
20x1 — bxyg — 3x3 + 1224 =
Show that this system has a solution if and only if 37a — 90 + 13¢ = 0. (8]
CONTINUED
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Using Gaussian elimination, calculate the inverse A~! of this matrix.

Show that the characteristic polynomial of

M =

— N
O w O
=~ N

is (5 — A)(3 — A)2. Verify that two eigenvectors of M associated to the
eigenvalue A = 3 are

1 0
vu=10 and vy =1(1
-1 0

Find an eigenvector associated to the eigenvalue A = 5 and give a matrix P
such that P~'MP is diagonal.

Decide about the validity of each of the following statements. Give a proof
for the statements which are true, and provide a counterexample for the
statements which are false.

(i) If A and B are invertible matrices of the same size, then AB is also
invertible.
(ii) If a matrix A is orthogonal, then —A is also orthogonal.

(iii) The set of all real symmetric 3 x 3 matrices is a group under matrix
multiplication.
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