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1. There are 8 mathematicians and 7 natural scientists in a tutorial. We choose a
particular table in the room, around which 5 students are seated.

(a) Find the probability that the group consists of 2 mathematicians and 3 natural
scientists. Clearly state any additional assumptions you make. [6]

(b) What is the probability that the group contains at least one natural
scientist? [6]

(c) What is the probability that the group contains more mathematicians than
natural scientists? [8]

Full credit for Q1 will be awarded if your answers are given in terms of binomial
coefficients.

2. Let X and Y be random variables with joint probability mass function given in
the following table. Here a € [0, 35].

PX,Y(%?J)‘QJ:O r=1 =2 x=3
y=0 0 % z 201
Y= % -« 0 Q 0
Y= o % é -« % — 2«
(a) Calculate E[X], E[Y], and Cov(X,Y). Your answers may depend on «. [6]
(b) For which value(s) of «, if any, do we have Cov(X,Y) = 07 For which value(s)
of v, if any, are X and Y independent? [4]
(¢) Find E[Y|X = z] for x =0, 1,2,3. Verify that E[Y] = E [E[Y|X]]. [10]

3. Consider random variables X and Y, with joint probability density function given

by
Foy (@) 6(zy —2?) 0<z<y<a,
T,y) =
XY 0 otherwise.
(a) Find the value of a. 6]
(b) Find the marginal probability density functions fx and fy of X and Y. Use
them to calculate E[X] and E[Y]. 8]
(c) Are X and Y independent? [2]
(d) Calculate the cumulative distribution function of Y. [4]
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4. During the football World Cup, in each match 0, 1, or 2 yellow cards are given,

with probabilities %, %, and %, respectively. The numbers of yellow cards given

in different matches are independent.
(a) Find the probability that, in the first four matches of the tournament,

(i) there are exactly three games in which at least one yellow card is given; [4]
(ii) a total of two yellow cards are given. [4]

(b) Let Y be the total number of yellow cards given across all 104 matches in the

tournament.
(i) Find E[Y] and Var(Y). [2]
(ii) State Markov’s inequality and use it to obtain an upper bound for
P(Y > 30). [4]
(iii) State Chebyshev’s inequality and use it to obtain an upper bound for
P(Y > 30). What do you notice about your answer? [6]

5. Suppose that random variables Xi, X5, X3, Xy are independent and identically
distributed, following an exponential distribution with parameter A > 0, so that
each of them has probability density function f, given by

e ™™ x>0,
-

0 otherwise.

We will consider S = X;+ Xo+ X3+ X,. In the rest of this question, carefully state
any properties of moment generating functions you use. Think carefully about the
domain of each of your functions.

(a) Compute the moment generating function My, (t) = E[e!*] for Xj. [6]

(b) Hence or otherwise find the moment generating function Mg(t) for S. [6]

(c) Using your answer to part (b), find E[S] and Var(S5). 8]
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