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SECTION A

1. (a) Use the Euclidean algorithm to find the greatest common divisor d of 618 and
479, and determine x, y ∈ Z such that 618x+ 479y = d. [4]

(b) Determine the number of positive integers 1 ≤ k ≤ 245 that are coprime to
245. [3]

(c) Determine whether or not the congruence x2 ≡ 125 (mod 73) has a solution. [3]

2. (a) Find the least positive integer in the residue class of 31999 modulo 17. State
any results you use. [3]

(b) Show that for any odd integer n there are no primitive Pythagorean triples
(x, y, z) where y = 2n. [3]

(c) Find two representations of the integer 85 = a2 + b2 = c2 +d2, such that a, b, c
and d are positive integers, and {a, b} and {c, d} are distinct sets. [4]
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SECTION B

3. Throughout this problem, let p be an odd prime.

(a) State the definition of a primitive root modulo p. [2]

(b) Show that if a is a primitive root modulo p then it must be a quadratic
non-residue modulo p. [4]

(c) Show that g is a primitive root modulo p if and only if, whenever q is a prime
factor of p− 1, g(p−1)/q 6≡ 1 (mod p). [6]

(d) Show that 3 is a primitive root modulo p = 17. [3]

4. We define the Möbius function to be the function defined on positive integers via
µ(1) = 1, and for n > 1,

µ(n) =

{
0 if n is divisible by p2 for some prime p

(−1)k if n = p1 · · · pk with all pi distinct.

(a) Compute the following values: i) µ(12); ii) µ(6); iii) µ(102). [3]

(b) Show that for every prime p we have µ(p) = −1 and µ(pk) = 0 for all k ≥ 2. [2]

(c) Show that for every m,n ∈ N with gcd(m,n) = 1 we have µ(mn) =
µ(m)µ(n). Furthermore, find an example to show that this condition fails
when gcd(m,n) 6= 1. [3]

(d) Let n > 1 and write its prime factorisation as n = pa1
1 · · · p

ak
k . Show that if d|n

and µ(d) 6= 0 then d|p1 · · · pk. [2]

(e) Prove that if n > 1 then
∑

d|n µ(d) = 0.

(Hint: If p1, . . . , pk are the prime divisors of n then note that the subsets S of
{1, . . . , k} are in bijection with divisors d|n via S 7→ d(S) :=

∏
j∈S pj.) [5]

ED01/2026
University of Durham Copyright

END


