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SECTION A

1. Let X and Z be independent random variables with joint density

fX,Z(x, z) = 4xz, 0 < x < 1, 0 < z < 1.

Define the transformed variables

U = − logX, V = − logZ.

Find the joint density fU,V (u, v), clearly stating the method used and the support
of (U, V ). [10]

2. A student records the amount of time (in minutes) they spend each day scrolling
on a social media app over a 12-day period. They observed a sample mean time
of x̄ = 38.4 and a sample variance of s2 = 4.0.

It is reasonable to assume that these daily times follow a Normal distribution with
unknown mean µ and unknown variance σ2.

(a) Construct a 95% confidence interval for the population mean µ. [4]

(b) Test the hypothesis

H0 : σ2 = 2.5 versus H1 : σ2 6= 2.5

at the 5% significance level, stating your conclusion. [6]

3. Two nearby coffee shops are competing in a claim that they can prepare their
coffees more quickly than the other. To investigate this, independent random
samples of preparation times (in seconds) are recorded from each shop giving the
data below.

Shop n x̄ s2

A 10 35.2 4.5
B 12 33.9 5.1

Assuming that preparation times at both shops follow Normal distributions, test
the hypothesis

H0 : µ1 = µ2 versus H1 : µ1 6= µ2

at the 5% significance level.

Show all working, clearly stating any assumptions you make, and give a conclusion
in context. [10]
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4. Let X1, . . . , Xn be independent and identically distributed random variables taking
values in {0, 1, 2} with probability mass function

P(X = 0) = θ, P(X = 1) = 2θ, P(X = 2) = 1− 3θ,

where 0 < θ < 1
3

is an unknown parameter.

(a) Find E[X] and Var(X) in terms of θ. [4]

(b) Let X̄ = 1
n

∑n
i=1Xi, and consider the following estimator of θ:

T =
2− X̄

4
,

Show that T is an unbiased estimator of θ and find its variance. [6]
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SECTION B

5. An owner has a fussy cat. At any given meal, the owner offers the cat a particular
food variety, which the cat eats with probability π ∈ (0, 1). If the cat refuses the
food, the owner offers a different variety, and continues until the cat eats the meal
offered.

For each meal i, let Xi ∈ {1, 2, 3, . . . } denote the number of food varieties offered
until the cat eats. Assume that, conditional on π,

P(Xi = x | π) = (1− π)x−1π, x = 1, 2, . . . ,

and that X1, . . . , Xn are independent given π.

A Beta prior distribution is assumed for π: π ∼ Beta(a, b).

(a) Derive the posterior distribution of π given data x = (x1, . . . , xn)T . Express
your answer in terms of n and a summary statistic of the data, and evaluate
whether the Beta prior is conjugate for this likelihood. [4]

(b) The owner’s prior beliefs satisfy E[π] = 0.25 and Var(π) = 0.0375. Find
values of a and b consistent with these beliefs. [3]

(c) Suppose that a total of 18 food varieties were offered over n = 8 meals.

Let X∗ denote the number of food varieties required on the next meal.
Using the posterior distribution from part (a), derive the posterior predictive
probability mass function of X∗ | x and hence evaluate the probability that
X∗ ≤ 2. [8]

6. Let Y1, . . . , Yn be i.i.d. with Beta prime(a, b) density

f(y | a, b) =
1

B(a, b)
ya−1(1 + y)−(a+b), y > 0,

where a > 0 and b > 0 and B(a, b) = Γ (a)Γ (b)/Γ (a+ b).

(a) Show that this model belongs to a two-parameter exponential family.

Hence, or otherwise, identify the natural parameter vector, φ, and a sufficient
statistic for (a, b) based on data y = (y1, . . . , yn)T , stating its dimension. [5]

(b) A Bayesian analysis is to be carried out using a prior distribution for (a, b)
that is conjugate to the likelihood.

Find this prior as a joint density for (a, b), up to proportionality, and simplify
it as far as possible. [6]

(c) Derive the posterior distribution of φ (and hence of (a, b)) and show that it
is in the same conjugate family. You should clearly identify the posterior
parameters, and your final answer should be expressed in terms of n and the
sufficient statistic identified in part (a). [4]
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7. An IT support service records the time (in minutes) taken to respond to each
client’s request. Let Y1, . . . , Yn denote the service times for n requests, which are
assumed to be independent and identically exponentially distributed with density

f(y | θ) = θe−θy, y > 0,

where θ > 0 is the service rate.

(a) Consider the hypotheses

H0 : θ = θ0 versus H1 : θ = θ1,

where θ1 > θ0 are fixed and known constants.

Derive the most powerful test of H0 against H1, and show that the test rejects
H0 for sufficiently small values of S =

∑n
i=1 Yi. Clearly state any results used

to justify the optimality of the test. [5]

(b) Show that a level-α likelihood ratio test can be written as a rejection rule of
the form Ȳ < c, and determine c in terms of n, α and θ0.

Records show that the past n = 25 service requests had a mean service time
of ȳ = 870. Assume θ0 = 1/1000 and carry out the test at the 5% level.

You may use the following results without proof: If Y1, . . . , Yn
iid∼

Exp(a), then S =
∑n

i=1 Yi ∼ Gamma(n, a), and then 2aS ∼ χ2
2n. [5]

(c) Consider now the hypotheses:

H0 : E[Y ] = µ0 versus H1 : E[Y ] 6= µ0,

where µ0 > 0 is a specified constant.

For a large sample, derive the generalised likelihood ratio test for these
hypotheses, expressing the test statistic in terms of the sample mean Ȳ , and
state the corresponding rejection rule. [5]
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8. A manufacturer is developing a new anti-scratch screen coating for mobile phones.
Let Y1, . . . , Yn denote independent measurements of the time (in years) until the
first visible scratch appears on a coated screen under standardised wear conditions.

The manufacturer models these wear times Y1, . . . , Yn as i.i.d. with density

f(y | β, λ) =
β

λ
yβ−1 exp

(
−y

β

λ

)
, y > 0,

where β > 0 and λ > 0.

(a) Derive the log-likelihood L(β, λ) based on a random sample y = (y1, . . . , yn)T ,
and show that for fixed β the maximiser over λ > 0 is

λ̂(β) =
1

n

n∑
i=1

yβi . [3]

(b) For the remainder of this question, assume that β = 2 is fixed and known.

With β = 2 known, state the MLE λ̂ of λ and find the observed information
I(λ̂). Hence obtain an approximate 95% Wald confidence interval for λ,
expressed in terms of S =

∑n
i=1 y

2
i . Simplify your results as far as possible. [4]

(c) Of particular interest to the engineer is the reliability function, i.e. the
probability that the screen is scratch free beyond time t > 0, defined by

R(t) = P(Y > t).

For β = 2, find an expression for R(t) as a function of t, and use the delta
method to obtain an expression for an approximate 95% confidence interval
for R(t0) at a fixed time t0 = 3. [8]
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