
Revision:

Instructions to Candidates: Answer all questions.
The indicative marks shown in brackets for the main parts
of each question are given as a guide to the weighting the
markers expect to apply.
Write your answer in the white-covered answer booklet with
barcodes.
Begin your answer to each question on a new page.

Models Permitted: Use of electronic calculators
is forbidden.

Calculators Permitted: No

Materials Permitted: None

Additional Material provided: None

Time: 2 hours

Exam Code:

MATH2727-WE01

Title:
Topology II

Year:

2026

Examination Session:

May/June

EXAMINATION PAPER

ED01/2026
University of Durham Copyright



2 of 4
Page number

MATH2727-WE01
Exam code

SECTION A

1. Let X = {1, 2, 3, 4}.

(a) Consider the following topologies on X.

τa = {∅, {1}, {1, 2}, X} τb = {∅, {1, 2}, {3, 4}, X}

τc = {∅, {1}, {1, 2, 3}, X} τd = {∅, {2}, {2, 4}, X}

Which of the topological spaces (X, τa), (X, τb), (X, τc) and (X, τd) are
homeomorphic? If a pair are homeomorphic, give a homeomorphism;
if they are not, explain why not. [3]

For any set Y and finite collection of subsets τY = {∅, U1, U2, . . . , Uk, Y },
we say τY is nested if ∅ ⊂ U1 ⊂ U2 ⊂ · · · ⊂ Uk ⊂ Y , where k ≥ 1.
(Note that these inclusions are strict.)

(b) Give two topologies on X, one nested and one not, each containing 5 sets. [2]

(c) Show in general that if a collection τY is nested then it is a topology on Y . [2]

(d) What does it mean for a topological space to be Hausdorff? If τY is nested
then is (Y, τY ) always, sometimes, or never a Hausdorff space? Explain. [3]

2. In Rn with the standard topology, we define the closed ball and the sphere:

Dn = {(x1, . . . , xn) | x2
1 + · · ·+x2

n ≤ 1}, Sn−1 = {(x1, . . . , xn) | x2
1 + · · ·+x2

n = 1}.

(a) Show that both sets are compact. If you use a result from lectures, state it
clearly. [4]

In a lecture, we proved that for n ≥ 1 the quotient space

Dn/Sn−1 ∼= Sn ⊆ Rn+1.

Prove this for n = 1, as follows:

(b) Draw simple sketches of the three sets involved.
Give explicitly a suitable continuous, surjective function f : D1 → S1, and
define a function f : D1/S0 → S1 in terms of f . [3]

(c) Show that f is a homeomorphism. Explain clearly, stating any results from
lectures that you use, but detailed calculations are not required. [3]
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SECTION B

3. In this question R always has the standard topology.
Recall that, for x ∈ R, bxc is the largest integer ≤ x, so b3.142c = 3. We define

f : R→ R by f(x) = bxc,

g : R→ R by g(x) = x− bxc.

(a) Specify the image sets F = f(R) and G = g(R) in R. [1]

(b) Write down the definition of continuity for a map between topological spaces,
and use it to show that neither f nor g is continuous. [3]

(c) We now give each of F and G the subspace topology from R.
Describe these topologies τF and τG (that is, say which subsets of F and G
are open) and briefly explain why. [3]

(d) Next we construct the product space F ×G, and give it the product topology
from τF and τG. Show that

h : R→ F ×G given by h(x) = (f(x), g(x))

is a bijection, and specify its inverse h−1 : F ×G→ R. [3]

(e) Show that h is not continuous. [2]

(f) Explain why h−1 is continuous. [3]
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4. (a) For a topological space X, write down the definitions of
i) connectedness, and ii) path-connectedness. [2]

(b) Show that if X is path-connected, then it is connected. [3]

We now consider the set M2(R) of 2×2 matrices of real numbers, given the standard
topology on R4 as usual.

(c) Show that GL2(R) = {A ∈M2(R) | det(A) 6= 0} is not connected. [2]

Let

S =

{
A =

(
a b
c d

)
∈M2(R) | det(A) = 0; a, b, c, d all ≥ 0

}
⊆M2(R) \GL2(R)

and T =

{(
a b
c d

)
∈ S | a, b, c, d all > 0

}
.

(d) Show explicitly, by giving a path, that T is path-connected. [3]

(e) A typical matrix in S \ T is L =

(
0 0
c d

)
with c, d > 0.

Show that L is a limit point for T .
(Hint: Many different metrics induce the standard topology on R4.) [3]

(f) Given that any matrix in S \ T is a limit point for T , show that S is
connected. [2]
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