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SECTION A
1. Let X ={1,2,3,4}.

(a) Consider the following topologies on X.
Ta = {07 {1}7 {17 2}7 X} Ty = {(Z)v {17 2}7 {37 4}7 X}

. ={0,{1},{1,2,3}, X} 7, ={0,{2},{2,4}, X}

Which of the topological spaces (X,7,),(X,m),(X,7.) and (X,74) are
homeomorphic? If a pair are homeomorphic, give a homeomorphism;
if they are not, explain why not. [3]

For any set Y and finite collection of subsets v = {0, Uy, Us, ..., Uy, Y},
we say Ty is nested if ) cU, c U, C---C U, CY, where k > 1.
(Note that these inclusions are strict.)
(b) Give two topologies on X, one nested and one not, each containing 5 sets. (2]
(c) Show in general that if a collection 7y is nested then it is a topology on Y. [2]

(d) What does it mean for a topological space to be Hausdorft? If 7y is nested
then is (Y, 7y) always, sometimes, or never a Hausdorff space? Explain. [3]

2. In R™ with the standard topology, we define the closed ball and the sphere:
D" ={(x1,...,2,) | 224 +22 <1}, S" P ={(z1,...,2,) | 2+ 22 =1}

(a) Show that both sets are compact. If you use a result from lectures, state it
clearly. (4]

In a lecture, we proved that for n > 1 the quotient space
Dn/Sn—l o~ Sn C Rn—l—l'
Prove this for n = 1, as follows:

(b) Draw simple sketches of the three sets involved.
Give explicitly a suitable continuous, surjective function f : D' — S!, and

define a function f: D'/S% — S' in terms of f. (3]
(c) Show that f is a homeomorphism. Explain clearly, stating any results from
lectures that you use, but detailed calculations are not required. [3]
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SECTION B

3. In this question R always has the standard topology.
Recall that, for x € R, |x] is the largest integer < x, so [3.142| = 3. We define

fR—=R by f(z) = |z],

g:R—R by g(z)=2— |x].

(a) Specify the image sets F' = f(R) and G = g(R) in R. [1]
(b) Write down the definition of continuity for a map between topological spaces,
and use it to show that neither f nor g is continuous. [3]

(¢c) We now give each of F' and G the subspace topology from R.
Describe these topologies 77 and 7 (that is, say which subsets of F' and G
are open) and briefly explain why. [3]

(d) Next we construct the product space F' x G, and give it the product topology
from 7p and 75. Show that

h:R— F xG given by h(x)= (f(z),g(z))

is a bijection, and specify its inverse h~! : F x G — R. (3]
(e) Show that h is not continuous. [2]
(f) Explain why 2! is continuous. 3]
ED01/2026 CONTINUED
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4. (a) For a topological space X, write down the definitions of
i) connectedness, and ii) path-connectedness. [2]

(b) Show that if X is path-connected, then it is connected. (3]

We now consider the set My (R) of 2 x 2 matrices of real numbers, given the standard
topology on R* as usual.

(c) Show that GLy(R) = {A € M5(R) | det(A) # 0} is not connected. [2]
Let
S = {A = (CCL 2) € My(R) | det(A) =0; a,b,c,d all > 0} C My(R) \ GLy(R)
and T = {(“ b) €S|ab,cd al> o}.
c d
(d) Show explicitly, by giving a path, that 7" is path-connected. (3]

(e) A typical matrix in S\ T is L = (2 2) with ¢,d > 0.
Show that L is a limit point for 7.

(Hint: Many different metrics induce the standard topology on R%.) [3]
(f) Given that any matrix in S \ 7" is a limit point for 7', show that S is
connected. [2]
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