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1. Consider a system described by the Lagrangian

Lb =
√

1 + ẋ2 + bẏ2 ,

where we assume b > 0.

(a) Write the generalised momenta for all ignorable coordinates in this system,
and prove that they are conserved along solutions of the equations of
motion. [2]

(b) Find all values of b for which the transformation(
x
y

)
→
(
x′

y′

)
=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x
y

)
leaves the Lagrangian invariant to first order in θ, and is therefore a symmetry
of the system. [6]

(c) Construct the Noether charge

Q :=
∑

i

ai
∂L

∂q̇i

associated to the transformation in the previous part, and show, by explicitly
taking its time derivative, that it is constant in time (that is, dQ/dt = 0)
along solutions of the equations of motion precisely for the values of b you
found above. [7]

(d) Construct the Hamiltonian Hb associated to the Lagrangian Lb, for generic
values of b. [10]
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2. Consider a field theory for the two fields u(x, t) and w(x, t) described by the
Lagrangian density

L =
1

2
(u2

t + w2
t )− 1

2
(u2

x + w2
x)

where ux := ∂u(x, t)/∂x, ut := ∂u(x, t)/∂t and similarly wx := ∂w(x, t)/∂x,
wt := ∂w(x, t)/∂t.

(a) Write down the equations of motion for this system. [3]

(b) Find the explicit form of u(x, t) and w(x, t) given the initial (t = 0) conditions:

u(x, 0) = sin(x) , w(x, 0) = 0 ,

ut(x, 0) = 0 , wt(x, 0) = cos(x) . [12]

(c) Compute the energy-momentum tensor

Tij :=
∂L
∂ui

uj +
∂L
∂wi

wj − δijL

explicitly for this system. (The subscripts i, j in this equation take values in
{t, x}.) [4]

(d) Assume that the spatial direction is an interval, parameterised by the
coordinate x ∈ [0, 1]. Show that the total energy of the system

E =

∫ 1

0

Ttt dx

is conserved in time for any solution of the equations of motion, with the
following boundary conditions relating the behaviour at the two ends of the
interval:

u(0, t) = u(1, t) , ux(0, t) = ux(1, t) ,

and

w(0, t) = w(1, t) , wx(0, t) = wx(1, t) . [6]
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3. (a) Consider the homogeneous Maxwell equations,

∇ ·B = 0, ∇× E = −∂tB ,

and write E and B in terms of a scalar potential ϕ and vector potential A so
that these equations are automatically satisfied. [4]

(b) Consider the sourced Maxwell’s equations,

∇ · E =
ρ

ε0

, ∇×B = µ0 (J + ε0 ∂tE) ,

for charge density ρ and current density J. Write these equations in terms of
ϕ and A. Impose the gauge condition,

∇ ·A + γ ε0 µ0 ∂tϕ = 0 ,

and choose γ so that the equations for ϕ and A decouple. [8]

(c) Assume that ρ and J vanish and make the ansatz,

A(t,x) = V0 cos (k · x− ω t) , ϕ(t,x) = φ0 cos (k · x− ω t) , (3.1)

with k and ω real and constant. Determine the numbers φ0 and ω in terms
of the vectors V0 and k. [7]

(d) Express the Poynting vector,

S =
1

µ0

E×B ,

for the solution (3.1), in terms of k and V0. What can you say about the
direction of energy flow? [6]

4. Consider an infinitely long cylinder of radius R. The cylinder carries a constant
charge density ρ0 and a constant current density J which is parallel to its axis.
Assume that the axis of the cylinder coincides with the z-axis in cylindrical
coordinates so that J = j0 êz for positive j0. You can assume that the charge
and current densities vanish outside the cylinder.

(a) Use the integral form of Gauss’ law to determine the electrostatic field E
everywhere. [9]

(b) Do the same with the integral form of Ampére’s law to determine the
magnetostatic field B everywhere. [9]

(c) A relativistic observer R′ is moving with velocity v along the z-axis in the
positive direction. Determine the charge density ρ′ and current density J′

that R′ measures. Write down the electric E′ and magnetic B′ fields, as seen
by R′. [7]
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