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1. Let X1, X2, X3, . . . be a sequence of random variables on a probability space. Let

φn(t) = E
[
e−t|Xn|

]
for t ≥ 0.

(a) Suppose that the sequence Xn → 0 almost surely as n→∞. For every t ≥ 0,
show that φn(t)→ 1 as n→∞. [10]

(b) Suppose that the sequence Xn → 0 in L1 as n → ∞. Show that
sup0≤t≤1 |φn(t) − 1| → 0 as n → ∞. (Hint: You may want to prove the
inequality |1− ex| ≤ |x| for x ≤ 0.) [15]

2. (a) Let X1, X2, X3, . . . be a sequence of random variables on a probability space.
Suppose that 0 < E[Xn] <∞ for every n, and that

∞∑
n=1

P
(
Xn ≥ E[Xn]

)
<∞.

Prove that with probability 1,

sup
n≥1

Xn

E[Xn]
<∞. [12]

(b) Suppose X is a random variable taking values in the set {0, 1, 2, 3, . . .}, with
the property that

E
[
tX
]

= t+ ψ(t− 1)

for every t ∈ R, where the function ψ has the property that it and its first
three derivatives satisfy ψ(0) = ψ′(0) = ψ′′(0) = 0 and ψ′′′(0) = 1.

Either prove that such a random variable X does not exist, or give an example
of such a random variable by specifying P(X = k) for every integer k ≥ 0. [13]
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3. Let I = {1, 2, . . . ,m} and let P be a stochastic matrix indexed by I. Let (Xn)n≥0

be the corresponding Markov chain, and suppose that it is recurrent. Let N1 be
the return time to 1, i.e., N1 := inf{n ≥ 1 : Xn = 1}.

(a) State what it means for (Xn)n≥0 to be irreducible. [2]

(b) Let Vn denote the number of visits to state 1 up to time n (not including time
0), i.e., Vn := |{1 ≤ k ≤ n : Xk = 1}|.
Justify that there exists a unique stationary distribution, (π(i) : i ∈ I), and
that as n→∞, it holds almost surely that

Vn

n
→ π(1). [8]

(c) Let Tk be the time of the kth return to 1, i.e., Tk := inf{n > 0 : Vn ≥ k}.
Justify that as k →∞,

Tk

k
→ E[N1|X0 = 1]. [10]

(d) Carefully show that

lim
n→∞

Vn

n
=

(
lim
k→∞

Tk

k

)−1

,

and thereby express E[N1|X0 = 1] in terms of π(1). [5]
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4. Let N = {1, 2, . . .}. Let (Xn)n≥0 be the Markov chain on N with stochastic matrix

Pij =


1
i
, j = i+ 1, i odd,

i−1
i
, j = i− 1, i odd,

i−1
i
, j = i+ 1, i even,

1
i
, j = i− 1, i even.

(a) Show that (Xn)n≥0 is periodic with period 2. [2]

(b) Assume that X0 = 1, so that X2n is always odd. It may be taken for granted
that setting Yn := X2n+1

2
defines a new Markov chain (Yn)n≥0 on N. Determine

its stochastic matrix, Qij = P(Yn+1 = j|Yn = i). [5]

(c) Now let n0 = 0 and, for k > 0, let nk > 0 be the kth time that (Yn)n≥0 makes
a step, i.e., Ynk

6= Ynk−1. We define Zk := Ynk
. Carefully show that (Zk)k≥0

is a Markov chain with stochastic matrix

Rij = P(Zk+1 = j|Zk = i) =


2i−1
4i−1

, j = i+ 1, i > 0,
2i

4i−1
, j = i− 1, i > 0,

1, j = 1, i = 0,

0, otherwise.

[Hint: consider using the one step method to calculate the probability that
(Yn)n≥0 started from state i visits i+ 1 before visiting i− 1.] [8]

(d) By coupling with a symmetric random walk, prove that (Zn)n≥0, and hence
also (Xn)n≥0, is recurrent. You may use the fact that the symmetric random
walk is recurrent. [10]
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