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(a) Show that 1+ 3v/—5 is irreducible in Z[v/—5].
(b) Write 23 + 6 € (Z/7)[z] as a product of irreducible polynomials over Z/7.

(c) Let F be a field. Prove that if f(z) € F[z] is such that (f(z)) is a maximal
ideal of Fx], then f(x) is irreducible in F[z].

Let R be the ring (Z/3)[x]/(2* + 1).

(a) Prove that R is isomorphic to Z[z]/(3,z* + 1).

(b) Find all the elements of R. You must show that your list contains all the
elements and that the elements in your list are distinct.

(c) Show that R is a field and find the multiplicative inverse of the element
27+ 22+ 1+ (22 +1).

Let G be a group. The commutator subgroup G’ is the subgroup of G generated
by all elements of the form zyx~'y~!, z,y € G.
(a) Show that G’ = {e} if and only if G is abelian.
(b) Show that S} = As. Deduce from this that S], = A, for every n > 3.
(c) Show that for any surjective homomorphism ¢ : G — H one has p(G') =
H'.
(d) Deduce from (c) that G is normal in G.

(e) Show that G/G’ is abelian. Moreover, let N be a normal subgroup of G such
that G/N is abelian. Show that G' C N. (In other words, G’ is the minimal
normal subgroup such that the quotient is abelian.)

(a) Find all abelian groups (up to isomorphism) of order 80.

(b) Find the rank and torsion coefficients of the abelian group generated by

clements a, b with relation a?b=* = e.

(c) Find a generator of the group (Z/23)*, the multiplicative group of units of
Z/23. (You may assume the group is cyclic).

(d) Show that (Z/16)* is not cyclic.
(e) Show that (Z/16)* can be generated by two elements.
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