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SECTION A
1. Let a: I — R? be a smooth curve parametrised by arc length, which satisfies
a’(s) # 0.

(a) Give the definition of the unit tangent vector t(s) and the curvature (s). [2]

(b) Give the definition of the principal normal vector n(s) and the binormal vector
b(s). [2]

(c) Show that b'(s) is orthogonal to both t(s) and b(s), and define the torsion
7(s). [3]
(d) Show that n'(s) = —k(s)t(s) — 7(s)b(s). (3]

2. Let U be an open set in R? and let f : U — R be a smooth function.

(a) For ¢ € R give a criterion involving the gradient V(f) that ensures f~!(c) =

{p€U: f(p) =c} is a regular surface. (2]
(b) Use the criterion from (a) to show that the graph of a smooth function

g : R? — R is a regular surface. (3]
(c) Let f:R?> — R be given by f(x,y,z) = 23y — 2%, Find all ¢ € R for which

f7Y(c) is a regular surface. (5]

3. LetU = {(u, v) eR?: v > O} be the hyperbolic plane with the first fundamental
form given by

F(u,v) =0, G(u,v)= i

1
E(U,’U) Y 02

v?’
(a) Let a: R — U be given by ax(t) = (u(t),v(t)). Show that e is a geodesic if

20/ () (t) v'(t)? —u/(t)?
o) v(t)
(b) Show that the curves @ : R — U and B : R — U are geodesics, where

alt) = (0, €, Bt) = (:gii?)’ COSil(t)) ’ 5]

u” (t) V'(t) = [5]

4. Let x : R? — R? given by x(u,v) = (u,v,uv) be a parametrisation of the
hyperbolic paraboloid.

(a) Find the coefficients of the second fundamental form of x. (5]
(b) Find the asymptotic curves on the hyperbolic paraboloid. [5]
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SECTION B

5. The deltoid is a plane curve with parametrisation o : R — R? given by
a(u) = (cos(2u) + 2 cos(u), — sin(2u) + 2sin(u)).

(a) Show that the deltoid has vertices at a(2k7/3) for all k € Z. (3]
(b) Find the arc length of the deltoid between the vertices a(0) and e(27/3). [2]

(c) Show that the curvature at a(u) is

=g g
K(U) = ————.
8[sin(3u/2)] 15
(d) Show that the evolute of the deltoid has parametrisation
e(u) = (—3cos(2u) + 6 cos(u), 3sin(2u) + 6sin(u)). [5]

Hint: you may find it useful to use

cos(2u) — cos(u) = —2sin(3u/2) sin(u/2), sin(2u) + sin(u) = 2sin(3u/2) cos(u/2).

6. Let a(u) be a curve parametrised by arc length u. For r > 0 sufficiently small
consider the canal surface S with parametrisation

x(u,v) = a(u) + rcos(v)n(u) + rsin(v)b(u).

(a) Express the partial derivatives x,(u,v) and x,(u,v) in terms of the moving

frame basis {t(u), n(u), b(u)}. [4]
(b) Show that the partial derivatives of x satisfy

Xy (u, v) + 7(u)xy (u,v) = (1 — r6(u) cos(v)) t(u). (3]
(c) Deduce that S is not a regular surface if r = 1/k(u). [2]
(d) Calculate the coefficients of the first fundamental form of x. [6]
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7. Let U = {(u,v) ER?:0<u<2m v> 0}. A local parametrisation x : U — R3
of the pseudosphere is given by

(i, v) = ( cos(u)  sin(u) sinh(v)) |

cosh(v)’ cosh(v)’ ! cosh(v)

(a
(b
(c
(d

) Find the coefficients of the first fundamental form for x. [4]
) Show that the pseudosphere has area 2. [3]
) Find the coefficients of the second fundamental form for x. [4]
)

Show that the pseudosphere has constant Gaussian curvature K = —1. [4]

8. The hyperboloid of one sheet S is given as a level set by
S = {(:U,y,z) ER?: 2?4y — 22 = 1}.
(a) Show that S admits the following local parametrisation as a ruled surface

x(u,v) = (cos(u),sin(u),0) + v(—sin(u), cos(u), 1). [2]

(b) Show that a unit normal to S at p = x(u, v) is given by

N, = ————=(cos(u) — vsin(u), sin(u) + v cos(u), —v). 4
o = < (cos(u) = wsinu) sin(u) + veos(u). —0) 4
(c) For fixed uy show that the curve oy, (v) = x(ug, v) is a geodesic. (3]
(d) For fixed vy find the geodesic curvature of the curve B, (u) = x(u,vy).
Conclude that 3, is a geodesic if and only if vy = 0. [6]
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