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SECTION A
1. Consider a posterior density 7(6|z) = w(0)f(z|0)/k where § € S C R, 7(0) is the

prior density ascribed to 6, f(z|f) is the likelihood function and k is a normalising
constant. Suppose that interest lies in estimating an expectation of the form

= Enaa 160)] = | b@)r(61z)d0

for some function A(-).

(a) Write down a self-normalised estimator fi, of py, based on N independent

draws 6,...,0y from the prior 7(-). Give the (un-normalised) weight

function, w(#;), explicitly. (2]
(b) What quantity does - Zi]ilw(ﬁi) estimate? Briefly explain your reason-

ing. 2]
(c) Show that fi, is a consistent estimator of pi,. [4]
(d) Briefly describe a potential drawback of this estimation procedure. [2]

2. Consider the following directed acyclic graph (DAG) that encodes the conditional
independence relationships between eight variables.
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(a) Consider the sub-DAG involving just D, H and G. Suppose that D, H and
G are discrete variables with support on the sets D, H and G, respectively.
In the joint distribution for D, H and G implied by this sub-DAG, show that

G

D and G are marginally independent. [3]
(b) Consider the full DAG.

(i) Identify all the exogenous variables. [1]
(ii) Find an undirected path between A and F' on which £ is a collider. [1]
(iii) Are A and F' d-separated by S = {E'}? Explain your answer. [2]

(iv) Can it be concluded that A and F' are marginally independent? Explain
your answer. [3]
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SECTION B

3. (a) Consider the simulation of values from a Gamma(2, 1) distribution, truncated
to the right at 1. We wish to sample this target using a Metropolis-Hastings
independence sampler based on U(0, 1) proposals.

(i) Write down and simplify the acceptance probability for a move from a
current value 0 to a proposed value ¢. [2]

(ii) If the Markov chain is currently at 6, find the probability that the chain
will move (marginalised over the distribution of proposed values).

Hint: you may assume that the function ze™ is increasing for =z €
(0,1). 4]

(b) Suppose that you wish to generate samples from a posterior distribution with
density m(0|x) o< w(0)f(z|0) and support S C R. Consider a Markov chain
defined by an algorithm which performs the following steps for j =1,2,...

Algorithm. At state 60—1:
e Step 1. Draw 0* ~ 7(-). (Sample the prior.)
e Step 2. With probability

f(z|0")
(z[0U-D) + f(x|607)

QB(9*|0(j_1)) = f

put 89 = 6% otherwise put 80) = U1,
e Step 3. Increment j and go to Step 1.

(i) Write down the transition kernel, p(¢|0), of the Markov chain defined by
this algorithm. [3]
(ii) Show that the Markov chain defined by this algorithm is reversible with
stationary density 7(6|z).
Hint: show that the detailed balance equation w(0|z)p(¢|0) =

m(¢lz)p(0]¢) holds. [3]
(ili) The Metropolis-Hastings algorithm uses

. o
anirr (071097) = min {17 %}

in Step 2 (but all other steps are unchanged). By comparing ag(6*|0V~1)
and aym(0*|0U~Y), briefly explain why the Metropolis-Hastings algo-
rithm is preferred. [3]
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4. (a) Consider a logistic regression model, My, for n independent pairs of

observations, (x1,v1), ..., (Tn, Yn):
Yila, B, 21 ~ Bernoulli L
| O, Ty ~ Dbernoulll s
1 + exp(—a — Bx;)
a ~ N(0,02),
B ~ N(0, O’é).
(i) Prior to modelling, the predictor variables, xzi,...,z,, have been

standardised such that v = 1/{1 + exp(—a)} can be interpreted as the
probability that Y = 1 when the predictor variable is equal to its mean
value. Calculate the prior density function for v, 7 (7).

(ii) Show that an equation satisfied by all the turning points, v*, of m(v) is

logit(y") = 04(2y" = 1),

where logit(v*) = log{~*/(1—~*)} is the logit function. Hence show that
v* = 1/2 is a turning point for all values of o2.

(iii) Before seeing any data, you believe that the most likely value for ~ is
1/2. Suggest a sensible upper bound for the prior standard deviation o,
of a, giving justification for your answer. Hint: you may find it useful
to consider the second derivative of log {m(7)}.

(b) A second model, Mo, is also considered for the same data:

1
Y; s 757 i~ B 1i )
la, 3,6, ernou l{l+exp(—a—ﬁxi —5:5?)}

o~ N(O,oi),
3 ~N(0,03),
5 ~ N(0,1).

(i) Explain why the Savage-Dickey density ratio can be used to calculate the
Bayes factor to compare models M; and M.

(ii) Before seeing the data, you believe that M,y is twice as likely as M.
Find the set of values of 7(d = 0|x,y, M) for which the posterior odds
for M against My exceed one.

ED01/2026
University of Durham Copyright

[3]

[3]

[5]

[2]

[2]

END



