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SECTION A

1. Prove or disprove the following assertions:
(a) The subset of R? given by
M ={(z,y) e R*: |y| = |a| }

is a smooth embedded submanifold of R2. [5]
(b) The subset of R* given by

M = {(w,z,y,2) € R* 1w+ " + 3y + 22* = 0}

is a smooth 3-dimensional submanifold of R*. [5]

2. (a) Prove or disprove the following assertion: there exists a Riemannian metric
g on the real projective plane RP? such that, for some chart (U, (z', 2?)), the
local expression of g on U is given by

(9i5) = (_02 Z) : [4]

(b) State the definition of a diffeomorphism between smooth manifolds. (2]

(c) Let M and N be 3-smooth manifolds and let f: M — N be a smooth function
whose differential in local coordinates around p € M and f(p) € N is given
by the matrix

-1 00
0 11
0 00
Can f be a diffeomorphism? Justify your answer. [4]
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3. Let V! and V2 be affine connections on a smooth manifold M.

(a) Prove or disprove the following assertion: the map

V:X(M)x X(M)— X(M)
(X.Y) > VY + VY
defines an affine connection on M, where X (M) denotes the set of smooth
vector fields on M. [5]

(b) Let T' and T? denote the torsion tensors of V! and V?, respectively, and
suppose that V! and V? are compatible with a Riemannian metric g on M.
The difference tensor for V! and V? is given by

A: X(M) x X(M) — X (M)
(X,Y) — VLY — V%Y.

Show that the difference tensor A satisfies

(i) AX,Y)—-AY,X)=TYX,Y) - T*X,Y), and

(ii) g(A(X,Y),Z) = —g(Y, A(X, Z))

for all X|Y,Z € X(M). [5]

4. Prove or disprove the following assertions. You may use, without proof, any
relevant results from the lectures.

(a) If (M,g) is a complete, path-connected Riemannian manifold with Rie-
mannian distance d, and p,q € M are points in M, then there exists a

piecewise-smooth curve c: [a,b] — M with c(a) = p, ¢(b) = q and length

L(c) = dy(p, q)- [2]
(b) The n-dimensional sphere S™ admits a complete Riemannian metric with

sectional curvature K < 0. [4]

(c¢) There exist positive integers n and k such that the smooth product manifold
S™ x RF admits a complete Riemannian metric with sectional curvature
K>3 4

EDO01/2026 CONTINUED
University of Durham Copyright



I 1 L A
, Page number  Exam code

| 4 of 6 | . MATH41320-WEO1 |
SECTION B
5. Let
0 0 0
0 0
Y =Ya- — T
(#.9,2) =y5. — 25,

be two smooth vector fields on R? equipped with the usual chart given by the
identity map.
(a) Compute the Lie bracket [X,Y]. [5]

(b) Let S%(1) C R be the unit round sphere centred at the origin. Show that the
restrictions of the vector fields X and Y to S%(1) are vector fields on S?(1),

i.e. X(p) and Y (p) are tangent to S?(1) for any p € S*(1). [6]
(c) Show that the restriction of [X, Y] to S%(1) is also a vector field on S?(1). [4]
6. (a) State the definition of a Lie group. [4]
(b) Let M,(R) be the vector space of n x n real matrices. Show that the general
linear group GL,(R) = {4 € M,(R) : det A # 0} is a Lie group. [6]
(c) Let (M,g) be a Riemannian manifold and let X be a smooth vector field on
M. Show that p — g,(X(p), -) is a smooth differential form on M. [5]
ED01/2026 CONTINUED
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7. Let (My,¢1) and (Ms, go) be path-connected Riemannian manifolds and suppose
that there exists an isometry f: (M, g1) — (Ms, go). Let ¢: [a,b] — M; be a
piecewise smooth curve.

(a) Show that
L(e) = L(f o 0),

where L(c) and L(f o ¢) are the lengths of the curves ¢ and f o ¢ in (M, ¢1)

and (Ma, go) respectively. [2]
(b) Show that

dy, (c(a), c(b)) = dy, (f(c(a)), f(c(D))),
where d,, and dg, denote the Riemannian distances in (M, g1) and (Mo, g2)
respectively. [4]

(c) If ¢: [a,b] — M; is a minimising geodesic segment, show that the curve
foec:[a,b] = My is a minimising geodesic segment and is given by

J(et)) = expyeay (t D fpea(c (@), t € [a,b]. 4]
(d) Let I € R be an open interval and let v: I — M; be a geodesic in (M, ¢1).
Show that fo~y: I — M, is a geodesic in (Ms, g2). (2]
(e) Show that (M, g1) is geodesically complete if and only if (Ms,g2) is
geodesically complete. (3]
ED01/2026 CONTINUED
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8. Let (M, g) be a three-dimensional Riemannian manifold with Levi-Civita connec-
tion V. Suppose that there exist smooth vector fields X, Xo, X3 € X (M) on M
such that

9(Xi, X;5) = dij,

for all 4,5 € {1,2,3}, where 6;; = 0if i # j, and 6;; = 1 if ¢ = j. Suppose,
furthermore, that

Vi Xo=Xs, VuXs=X;, VX =X, and VyX;=-VyX,
for all 4,7 € {1,2,3}.
(a) Show that the Lie bracket satisfies
2Xy, if (i,7,k) € {(1,2,3),(2,3,1),(3,1,2)},
X Xl = —2X,, if (4,4,k) € {(2,1,3),(1,3,2),(3,2,1)}.

Note that this implies that the vector fields X, X5, X3 are not coordinate
vector fields.

(b) Show that the curvature tensor R of (M, g) satisfies
X, ifi, ke {1,2,3) withi #j, j =k,
R(X;, X)X, = =X, ifi,j. ke {1,2,3)} with i £ j, i = k,
0, otherwise.
(c) Show that the sectional curvature K satisfies
K(X;, X;) =1,

for all 7,5 € {1,2,3} with ¢ # j.
(d) Show that (M, g) has constant sectional curvature; that is, show that

K(v,w) =1,

for all p € M and all v, w € T,M with ||v|]| =1, ||w|| = 1 and g, (v, w) = 0.
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