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SECTION A

1. In this problem, we will construct a basis of cusp forms of weight k for SL2(Z). In
the sequel, we write k = 12`+ a, and assume that ` ≥ 1 and a ∈ {0, 4, 6, 8, 10, 14}.

(a) Use the dimension formulae to show that dim(Sk(SL2(Z))) = `. [3]

(b) For each 1 ≤ m ≤ `, define

ek,m(τ) := ∆(τ)`Ea(τ)j(τ)`−m,

where j(τ) is the modular j-function.
Show that ek,m is a holomorphic cusp form of weight k that has a zero of order
m at infinity.
Here we recall that when τ ∈ H and q = e2πiτ ,

∆(τ) = q+
∞∑
n=2

τ(n)qn, j(τ) = q−1+744+· · · , Ek(τ) = 1− 2k

Bk

∞∑
n=1

σk−1(n)qn,

where Bk is the kth Bernoulli number (and E0 is the constant function 1). [3]

(c) Show that the set {ek,m}1≤m≤` forms a basis for Sk(SL2(Z)). [4]

2. Recall that for N ≥ 1, we define

Γ0(N) :=

{(
a b
c d

)
∈ SL2(Z) : c ≡ 0 (mod N)

}
.

Let p be a prime and let k ≥ 2 be an even integer. Let f ∈ Mk(SL2(Z)) be a
modular form of weight k with q-expansion

f(τ) =
∞∑
n=0

anq
n ∈Mk(SL2(Z)).

Now, define

f̃(τ) :=
∞∑
m=0

apmq
m.

(a) Show that f̃(τ) = Tpf(τ)− pk−1f(pτ), where Tp is the pth Hecke operator. [3]

(b) Prove that fp(τ) := f(pτ) ∈Mk(Γ0(p)). [4]

(c) Show that f̃ ∈Mk(Γ0(p)). [3]
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3. We say that an arithmetic function g(n) is additive if, whenever a, b ∈ N with
gcd(a, b) = 1, we have

g(ab) = g(a) + g(b).

(a) Recall that ω(n) := |{p prime : p|n}|. Show that ω(n) is an additive
function. [3]

(b) Show that if f(n) is a multiplicative function taking positive real values then
log f(n) is an additive function. [3]

(c) Suppose that g : N → C is an additive function. Show that whenever n > 1
has prime factorisation n = pa1

1 · · · p
ak
k , we have

g(n) = g(pa1
1 ) + · · ·+ g(pak

k ). [4]

4. Recall that a positive integer n is called squarefree if, for any prime p that divides
n, we have p2 - n.

(a) Show that

|{n ≤ x : n is squarefree}| =
∑
n≤x

µ2(n),

where µ(n) denotes the Möbius function. [2]

(b) Using the identity

µ2(n) =
∑
d2|n

µ(d), n ≥ 1,

prove the estimate

|{n ≤ x : n is squarefree}| = x
∑
d≤
√
x

µ(d)

d2
+O(

√
x). [4]

(c) Recall that for Re(s) > 1,

1

ζ(s)
=
∞∑
n=1

µ(n)

ns
.

Use this to prove that ∑
d≤
√
x

µ(d)

d2
=

1

ζ(2)
+O

(
1√
x

)
and hence deduce that

lim
x→∞

1

x
|{n ≤ x : n is squarefree}| = 1

ζ(2)
. [4]
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SECTION B

5. For Im(τ) > 0 let L = [1, τ ] be a lattice. We define the Weierstrass ζ function
of L by

ζL(z) =
1

z
+

∑
(m,n)∈Z2\{(0,0)}

(
1

z +mτ + n
− 1

mτ + n
+

z

(mτ + n)2

)
.

(a) Prove that

ζL(z) =
1

z
+ z2

∑
(m,n)∈Z2\{(0,0)}

1

(mτ + n)2(z +mτ + n)
. [2]

(b) Show that ζL(z) converges absolutely and uniformly on compact subsets of
C\L, and therefore defines a meromorphic function on C. You may use without
proof that there is a constant C = C(τ) > 0 such that

|mτ + n| ≥ C(|m|+ |n|) for all m,n ∈ Z.

(Hint: Given a compact subset K with |z| ≤ R for all z ∈ K, it suffices to
consider the contribution from max{|m|, |n|} ≥ 2R/C.) [5]

Next, we establish some properties of ζL, through its relationship with the
Weierstrass ℘-function ℘L of L.

(c) Show that ζ ′L(z) = −℘L(z), and that ζL is an odd function.
(Hint: Rewrite ζL in terms of lattice points in L.) [4]

(d) Use the previous part and the fact that ℘L is elliptic to show that for each
z ∈ C\L,

ζL(z + τ) = ζL(z) + 2ζL(τ/2), ζL(z + 1) = ζL(z) + 2ζL(1/2).

(Hint: Show that ζL(z + τ)− ζL(z) is independent of z by applying (c).) [4]
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6. Recall that the weight 2 Eisenstein series

E2(τ) = 1− 24
∞∑
n=1

σ1(n)qn

satisfies the transformation formula

E2(−1/τ) = τ 2E2(τ) +
6τ

πi
.

(a) Consider the differential operator D = 1
2πi

d
dτ

= q d
dq

. Let f ∈ Mk(SL2(Z)).
Show that

(Df)(−1/τ) = τ k+2(Df)(τ) +
1

2πi
kτ k+1f(τ).

(Hint: Consider D(f(−1/τ)).) [4]

(b) Let f ∈Mk(SL2(Z)). Show that Df − k
12
E2f ∈Mk+2(SL2(Z)).

Moreover, show that if f is a cusp form then so is Df − k
12
E2f . [8]

(c) Apply (b) to the discriminant function ∆(τ) =
∑∞

n=1 τ(n)qn to show that for
every n ∈ N,

(n− 1)τ(n) = −24
n−1∑
k=1

σ1(k)τ(n− k). [3]
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7. We recall that the Liouville function λ(n) is the completely multiplicative
function that satisfies λ(p) = −1 for all primes p. In this problem you will show
that

∞∑
n=1

λ(n)

n
= 0. (7.1)

(a) For Re(s) > 1, define

D(s) :=
∞∑
n=1

λ(n)

ns
.

Show that D(s) = ζ(2s)/ζ(s) for Re(s) > 1. [3]

(b) Show that D(s)
s−1

extends to a holomorphic function on the half-plane Re(s) >
1/2. [2]

By the truncated Perron formula, it can be shown that for any σ0 > 0 and
x, T ≥ 1,

∑
n≤x

λ(n)

n
=

1

2πi

∫ σ0+iT

σ0−iT

ζ(2s+ 2)

ζ(s+ 1)
xs
ds

s
+O

(
1

T

(
xσ0

σ0

+ log T

))
.

Below, you may freely use this without proof, along with the following fact: there
is a constant c > 0 such that whenever s = σ + it satisfies σ > 1− c

log(2+|t|) then

1

ζ(σ + it)
�

{
log(2 + |t|) if |t| ≥ 1

|σ − 1 + it| if |t| ≤ 1.

(c) Let α = min{1/3, c/(2 log T )}, where c is the constant above. Show that∫ −α+iT

−α−iT

ζ(2s+ 2)

ζ(s+ 1)
xs
ds

s
=

∫ σ0+iT

σ0−iT

ζ(2s+ 2)

ζ(s+ 1)
xs
ds

s
+O

(
xσ0 log T

T

)
. [6]

(d) Choosing T and σ0 suitably prove that as x→∞,∑
n≤x

λ(n)

n
= o(1).

Deduce that (7.1) holds. [4]
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8. Let p be an odd prime and as usual, we write ( ·
p
) to denote the Legendre symbol

modulo p. We recall that this is a non-principal Dirichlet character modulo p.
Throughout this problem, we define the Fekete polynomial modulo p to be the
function

P (z) :=

p−1∑
a=0

(
a

p

)
za, z ∈ C.

(a) Show that for any |z| < 1,

∞∑
n=1

(
n

p

)
zn =

P (z)

1− zp
. [3]

(b) Let n ∈ N and s ∈ C with Re(s) > 1. Prove the identity

1

ns
Γ(s) =

∫ ∞
0

tse−nt
dt

t
,

where Γ(s) is the usual Gamma function.
Use this to prove the formula

L
(
s,
(
·
p

))
=

1

Γ(s)

∫ ∞
0

(
∞∑
n=1

(
n

p

)
e−nu

)
us
du

u
(8.1)

for the Dirichlet L-function

L

(
s,

(
·
p

))
=
∑
n≥1

(
n
p

)
ns

at each s with Re(s) > 1. [4]

In the following problems you may assume as fact that the series

∞∑
n=1

(
n

p

)
e−nu

is uniformly bounded for all u > 0.

(c) Use analytic continuation to prove that the identity (8.1) extends to Re(s) > 0.
You may use the following special case of Morera’s theorem: if a function f is
continuous on a half-plane Ω := {s ∈ C : Re(s) > σ0} and satisfies∫

R

f(z)dz = 0

for every rectangle R ⊂ Ω then f is holomorphic in Ω. [5]

(d) Show that if P (t) 6= 0 for all t ∈ (0, 1) then L(σ, ( ·
p
)) 6= 0 for all real

σ ∈ (0, 1). [3]
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