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SECTION A

1. Consider the PDE{
x∂xu(x, y) + y∂yu(x, y) = 0, (x, y) ∈ R2,
u(x, 5) = x, x ∈ R.

(a) Find the Cauchy curve Γ associated to the problem and all the points on it
which are non-characteristics. [3]

(b) Find a solution to the equation using the method of characteristics and
determine its maximal domain of definition. [7]

2. Consider the system

ut(x, t) = uxx(x, t)− u(x, t) and u(x, 0) = u0(x)

for x ∈ R and t ≥ 0.

(a) Write down a differential equation for the Fourier transform û(ξ, t). [2]

(b) Solve the equation for û(ξ, t), and use it to obtain an (explicit) integral
representation for u(x, t) in terms of u0(x). [4]

(c) Given that u0 ∈ L2(R), show that u(·, t) ∈ L2(R) for all t ≥ 0. Cite any
results you use (no need to prove them). [4]

3. Let Ω ⊂ Rn be a bounded connected open set with smooth boundary, and let m,
f : Ω → R be given with m(x) > 0. For u ∈ V := {v ∈ C1(Ω̄) : v = 0 on ∂Ω}, we
put

E[u] :=

∫
Ω

{
|∇u(x)|2 +m(x)u(x)2 − 2f(x)u(x)

}
dx.

(a) Assuming that u ∈ V is a minimiser of E[u], write down the equation that it
must satisfy (showing that u is some weak solution). [4]

(b) Assuming further that u ∈ V ∩ C2(Ω̄), write down the partial differential
equation and boundary conditions satisfied by u. [4]

(c) Assuming a minimiser exists, is it unique? Justify your answer. [2]
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SECTION B

4. Consider Burgers’ equation{
∂tu(x, t) + u(x, t)∂xu(x, t) = 0, (x, t) ∈ R× (0,∞),
u(x, 0) = u0(x), x ∈ R,

where

u0(x) =

{
0, x < 0,

x+ 1, x > 0.

(a) Find and draw the characteristics associated to the problem. [3]

(b) Show that

u(x, t) =

{
0, x <

√
1 + t− 1, t > 0,

1+x
1+t

, x >
√

1 + t− 1, t > 0.

is a weak integral solution for our problem. Justify your answer. [10]

(c) Does the above solution satisfy Lax’s entropy condition? Justify your
answer. [2]

5. In this question we will see that we can utilise the method of characteristics to
solve a linear system of first order differential equations when the leading vector
field is the same throughout the system.

Consider the system of equations
3∂xu1(x, y) + 6x∂yu1(x, y) = u1(x, y), (x, y) ∈ R2.
3∂xu2(x, y) + 6x∂yu2(x, y) = u2

1(x, y), (x, y) ∈ R2,
u1(0, y) = 1, y ∈ R,
u2(0, y) = y, y ∈ R.

(a) Check that every point on the Cauchy curve Γ = {(0, y) | y ∈ R} is
non-characteristics with respect to the leading vector field

~a (x, y) = (3, 6x) .

[2]

(b) Find the characteristics (X (τ, s) , Y (τ, s)) which are associated to the given
leading vector field. [4]

(c) Show that

z1(τ, s) = u1 (X (τ, s) , Y (τ, s)) and z2(τ, s) = u2 (X (τ, s) , Y (τ, s)) ,

where (X (τ, s) , Y (τ, s)) are the characteristics found in part (5.b), are given
by [5]

z1 (τ, s) = eτ , z2 (τ, s) = s+
e2τ − 1

2
.

(d) Find a solution to the system of PDEs, u1 (x, y) and u2 (x, y). Where is it
defined? [4]
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6. Let Ω ⊂ Rn be connected and bounded with smooth boundary.

(a) Prove that if u is harmonic in Ω, then∫
∂Ω

∇u · dS = 0.

[2]

(b) Use the above fact to prove the mean-value formulas:

1

|∂Br|

∫
∂Br(x)

u(y) dS(y) = u(x) and
1

|Br|

∫
Br(x)

u(y) dy = u(x)

where |Br| and |∂Br| are the “volume” of a ball and a sphere of radius r. [4]

(c) State and prove the weak maximum principle for harmonic functions. [5]

(d) Using the weak maximum principle, prove that a solution u to the problem

−∆u = f in Ω and u = g in ∂Ω

is unique if it exists. You may assume that f ∈ C2(Ω̄) and g ∈ C1(∂Ω). [4]

7. Consider the problem

ut(x, t) = −uxxxx(x, t) + f(x),

u(a, t) = u(b, t) = ux(a, t) = ux(b, t) = 0

where x ∈ [a, b] and t ≥ 0, and f ∈ C([a, b]) and u(x, 0) = u0(x) are given.

(a) For any w ∈ C2([a, b]) with w(a) = w(b) = w′(a) = w′(b) = 0, prove that

‖w‖L2 ≤ cp‖w′‖L2 ≤ c2p‖w′′‖L2

for some (positive) constant cp. [3]

(b) Assuming that u is a classical solution to the above problem, compute a bound
for ‖u(·, t)‖L2 of the form

‖u(·, t)‖2L2 ≤ e−c1t‖u0‖2L2 + c2 ‖f‖2L2

for some constants c1, c2 > 0.Hint: multiply by u and integrate by parts. [6]

(c) Let v(x) be the classical solution of

vxxxx(x) = f(x)

with v(a) = v(b) = vx(a) = vx(b) = 0. Show that u(·, t) → v in L2([a, b]) as
t→∞. [6]
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SECTION C

8. Consider the sequence of regular distributions {fn}n∈N ⊂ D′ (R) whose L1
loc

representatives are given by

f̃n(x) =

{
e−nx, 0 < x < n,

0, x < 0 or x > n,

i.e. the distributions {fn}n∈N ⊂ D′ (R) are such that

(fn, φ) =

∫
R
f̃n(x)φ(x)dx,

for all φ ∈ D (R).

(a) Show that {fn}n∈N converges in the sense of distribution to f = 0. [5]

(b) Use the definition of distributional derivatives to show that

f ′n = gn + δ0 − e−n
2

δn

where gn is a regular distribution with representative

g̃n(x) =

{
−ne−nx, 0 < x < n,

0, x < 0, x > n,

and δa is the delta distribution that places a unit mass at the point a. [5]
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