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SECTION A

1. Counsider the PDE

vdyu(w,y) + yoyu(x,y) =0, (z,y) € R?,
u(z,b) = x, z € R.

(a) Find the Cauchy curve I" associated to the problem and all the points on it
which are non-characteristics. [3]

(b) Find a solution to the equation using the method of characteristics and
determine its maximal domain of definition. (7]

2. Consider the system
ur(z,t) = Uge(x,t) —u(z,t) and wu(z,0) = up(x)

forx e Rand t > 0.

(a) Write down a differential equation for the Fourier transform (&, ). [2]
(b) Solve the equation for u(&,t), and use it to obtain an (explicit) integral
representation for u(x,t) in terms of ug(x). [4]
(c) Given that uy € L*(R), show that u(-,t) € L*({R) for all ¢ > 0. Cite any
results you use (no need to prove them). [4]

3. Let £2 CR" be a bounded connected open set with smooth boundary, and let m,
f: 92— R be given with m(z) > 0. Foru € V :={v € C'(02) : v =0 on 02}, we
put

Elu] = /Q [ Vu(@)]? + m(zyu(x)? — 2f(2)u(z)} de.

(a) Assuming that u € V' is a minimiser of E[u], write down the equation that it

must satisfy (showing that u is some weak solution). [4]
(b) Assuming further that v € V N C?(£2), write down the partial differential
equation and boundary conditions satisfied by wu. [4]
(c) Assuming a minimiser exists, is it unique? Justify your answer. [2]
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SECTION B

4. Consider Burgers’ equation

{ Opu(z,t) + u(z, t)0pu(z,t) =0, (z,t) € R x (0,00),
u(z,0) = ug(x), r € R,

where
(z) 0, x <0,
up(x) =
0 r+1, z>0.
(a) Find and draw the characteristics associated to the problem. [3]

(b) Show that

1+x
Treo r>\1+t—1, t>0.

is a weak integral solution for our problem. Justify your answer. [10]

0, <V1l+t—1, t>0,
u(x,w:{ eVt

(c) Does the above solution satisfy Lax’s entropy condition? Justify your
answer. [2]

5. In this question we will see that we can utilise the method of characteristics to
solve a linear system of first order differential equations when the leading vector
field is the same throughout the system.

Consider the system of equations
38mu1(x7 y) + 6x8yu1(a:, y) = U1(.T,y), (l’,y) € RQ'
30,us(x,y) + 6x0yus(z,y) = ui(x,y), (x,y) € R?,
u1(07y): 17 yGR:
uz(0,y) =y, y €R.
(a) Check that every point on the Cauchy curve I' = {(0,y) |y € R} is
non-characteristics with respect to the leading vector field
a(z,y) = (3,6z).

[2]
(b) Find the characteristics (X (7,s),Y (7,s)) which are associated to the given
leading vector field. [4]

(c) Show that
21(7,8) =uy (X (7,8),Y (1,8)) and  29(7,8) = us (X (7,5),Y (7,9)),

where (X (7,5),Y (7,s)) are the characteristics found in part (5.b), are given

by [5]
2T 1
2 (1,8) =€, ,22(7',5)25—}—6 5
(d) Find a solution to the system of PDEs, u; (z,y) and usy (x,y). Where is it
defined? (4]
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6. Let {2 C R" be connected and bounded with smooth boundary.

(a) Prove that if u is harmonic in {2, then

Vu- dS =0.
o0
2]
(b) Use the above fact to prove the mean-value formulas:
1 (4) AS(y) = u(x) and (v) dy = u()
—_— u(y y) =u(xr) and — u(y) dy = u(x
0B:| Jog, () |1Br| J 5,2
where |B,| and |0B,| are the “volume” of a ball and a sphere of radius . [4]
(c) State and prove the weak mazimum principle for harmonic functions. [5]
(d) Using the weak maximum principle, prove that a solution u to the problem
—Au= fin 2 and wu=gin 0f?
is unique if it exists. You may assume that f € C?(£2) and g € C1(942). [4]
7. Consider the problem
Ut(l’,t) = _umcx:c(xa t) + f(x)v
u(a,t) = u(b,t) = uz(a,t) = uy(b,t) =0
where = € [a,b] and t > 0, and f € C([a,b]) and u(z,0) = ug(x) are given.
(a) For any w € C?*([a,b]) with w(a) = w(b) = w'(a) = w'(b) = 0, prove that
lwllze < epllw'lz2 < pllw”|l 2
for some (positive) constant c,. (3]
(b) Assuming that u is a classical solution to the above problem, compute a bound
for ||u(-,t)|/;. of the form
lu- )72 < e™fluollZz + 2 [ fII2:
for some constants ¢y, co > 0.Hint: multiply by v and integrate by parts. [6]
(¢) Let v(z) be the classical solution of
with v(a) = v(b) = v,(a) = v,(b) = 0. Show that u(-,¢) — v in L*([a,b]) as
t — 0. [6]
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SECTION C

C D'(R) whose L

8. Consider the sequence of regular distributions {f,} loe

representatives are given by

neN

fulw) =

e " 0<z<n,
0, r <0 or x>n,

i.e. the distributions {f,},.y C D’ (R) are such that

(fn,0) = /}R Fal2)(2)da,

for all ¢ € D (R).

(a) Show that {f,},y converges in the sense of distribution to f = 0. [5]
(b) Use the definition of distributional derivatives to show that

f’f/L = 0n =+ 50 — €7n25n

where g, is a regular distribution with representative

i () —ne ™, 0<x<n,
n\r) =
g 0, <0, z>n,

and d, is the delta distribution that places a unit mass at the point a. [5]
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