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SECTION A

1. In what follows, let S* = {z € C: |z| = 1} denote the unit circle and let I denote
the interval [—1,1]. Consider the topological dynamical systems (S, f) and (I, g),
where f(z) = 2? (z € S'), and g(z) = 22* — 1 (z € I).

(a) Show that
St =1, z — Re(z),

is a topological factor map from (S*, f) to (I, g). Here Re(z) denotes the real
part of z € S*. [6]

(b) Can (S, f) and (I, g) be topologically isomorphic? Justify your answer. [4]

2. In the following, T* = R/Z, and (T!, «) is an irrational rotation.

(a) Show that (T!, ) is ergodic with respect to Lebesgue measure .

Hint: You may use without proof that for each f € Lo(T%), there are unique
coefficients ay, (k € Z) such that

flz) = Zak > for \—a.e. v € T,
keZ
(8]

(b) Prove that ergodicity of (T', o) with respect to A implies minimality of (T, ).
You may use any results proved in the lectures. [2]
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3. Let A and P be the following matrices,

0 1/2 1/2 011
P=|(1/2 0o 12|, A=[101
1/3 1/3 1/3 111

Recall that we denote by (X}, ) the subshift of finite type corresponding to A.

(a) Let pup be the Parry measure on X} associated to P. Compute the

pp-measure of every cylinder set of length two in X7}.

Hint: You may use that (4,4,6)P = (4,4,6). [4]
(b) Justify why pp is strong mixing.

Hint: You may use a result from lectures stating that strong mixing of Markov

measures is implied by a property of A. [2]

(c) Let f: X% — R be continuous and set

| 2N
Argue that for pp almost all z € X} we have limy .., fx(z) = 0.
Hint: You may use Birkhoff’s ergodic theorem here. [4]

4. Let S be a rotation of T! and let E5 be the doubling map on T*.

(a) Show that the topological entropy of S is zero.
Hint: state and use one of the equivalent characterizations of topological
entropy using covering sets, separating sets, or spanning sets. [6]

(b) Evaluate the topological entropy of the map T' = S~ o Fy 0 S and briefly
justify your answer.
Hint: Here you may use the known value of the topological entropy of FEo as
given in lectures. [4]
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SECTION B

5. In what follows, (X, T) is a topological dynamical system.

(a) Suppose that for each continuous function f: X — R, there is a constant
¢ € R such that

n—1
1
lim — Fr) =
Jim 22 S(Te)=c
k=0
for all € X. Show that (X,T") is uniquely ergodic.

Hint: You may use without proof that two Borel probability measures p1 and pio
on X coincide if and only if fo duy, = fo dus for each continuous function

f: X —=R. [6]
(b) Suppose now that (X, T) is uniquely ergodic. Prove that (X,T') has exactly
one minimal subset. [5]

(c) Is it possible that for each continuous function f: X — R, the limit

n—1
lim 1 Z f(T*)
k=0

n—oo M,

exists for each = € X even if (X, T) is not uniquely ergodic? Either give an
appropriate example or prove why such (X, 7T") cannot exist. [4]
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6. Consider the steep tent map T [0,1] — R defined by

ifo<z<1/2
T(2) = 3z ?O_ZE_ /2,
31—2z) ifl/2<ax< 1.

Notice that points around the centre of the interval are mapped outside of [0, 1]
under the map 7T'; we say that such points escape. Let A be the set of points that
never escape, that is, x € A if and only if 7"(z) € [0, 1] for all n > 0.

Note: In what follows, you can use without proof that every x € [0,1] has a
ternary expansion of the form x = 2 | x,37", where (x,)nen is a sequence with
x, € {0,1,2} for all n. You may further use the fact that for any x € [0, 1], the
C-th entry xy in its ternary expansion is uniquely determined unless x,, = 0 for all
n>/{orx, =2 foralln>"/¢.

(a) Show that given z € [0,1], T'(x) € [0,1] if and only if z admits a ternary
expansion with z; € {0, 2}. [5]

(b) Given z € [0, 1], one can show that x € A if and only if there is a ternary
expansion x = Y >° 1,37 with z,, € {0,2} for all n € N. Prove the "if”

direction of that statement. [5]
(c) Let 6 :{0,1}N — {0,1}" be the twisted shift map defined by
a_(yl Y2, U3 ) _ (y2ay37y47"') if Y1 :Oa
R (1—9271—93,1—3/4,---) 1f?Jl:1

Show that ({0, 1}",6) and (A, T'|,) are topologically isomorphic.
Note: We consider {0,1}N equipped with the Cantor metric. Further, you
may use the full if and only if statement for A from part (b). [5]
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7. Let X =[0,1] and let T': X — X be the Gauss map,

L1 ife#£0
T(x)=4" L] lmf ’
0, if vt =0.

Let p be the Gauss measure on X, given by

1 1
A) = d
(A 10g2/Al+x “

for each Borel measurable set A C X. Let Lebr denote the Lebesgue measure on
the real line R.

(a) Show that for every Borel measurable set A C X we have

1
——Lebgr(A) < u(A) < Lebgr(A).
Tog2 " r(4) < p(4) < g2 ° r(A)
[3]
(b) Forn =1,2,...let A, = (1/(n+1),1/n], and set Ay = {0}. Let o be the
measurable partition consisting of all A,,, namely,
o = {Ao,Al,AQ...}.
Show that H,(a) < oo. [5]
(c) Deduce that h,(T") < oo.
Hint: You may use that « is a strong generator for T. [7]
ED01/2026 CONTINUED
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8. Let A: T2 — T2 be the toral automorphism defined by the matrix

A:G (1))

Note: Recall that points in T? are equivalence classes

()] =0)+=

Jor x,y € R; and recall that each equivalence class has a representative with
x,y € [0,1). Recall that Lebesque measure myey, on T? is invariant for A.

(a) Evaluate the image of [(";)] under (A)" for n € N and z,y € [0,1). [2]

(b) Show that for each z € [0,1) the set L, C T? given by

{0 o)

is an invariant set for A. (2]
(c¢) Show that mye, is not ergodic for A. [4]
(d) Show that for any ergodic invariant Borel probability measure p there is some

L, with p(L,) = 1. [5]

Hint: You may use “continuity of measure” which states that for any sequence

of measurable sets By, Bs,... with B,.1 C B, for each n we have that

limy, oo 1(Bp) = u(ﬂle B,).

(e) Deduce that h,(A) = 0 for any ergodic invariant Borel probability measure
M 2]
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