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SECTION A

1. Let W = (W})er, be a Brownian motion with respect to a filtration (F;).er, , and
let
Xt == WtQ

for each t € R,. In this question, you may use the fact that, if Z ~ N(0,0?), then
E[Z%] = 30*.

(a) Show that
E[(X; — X,)?] =2(t* — s°) + (t — 5)°
for any 0 < s < t. [5]
(b) For some 0 < s < t, let

{s=ty<ti <--- <ty =t} for neN,

be a sequence of partitions of the interval [s,t], such that the mesh size

0, = maxj<;<p, (tF — t? ) satisfies 6,, — 0 as n — oo. Further, for each

n € N, let
kn

&= (Xpp — Xin )%

i=1

Find the value of lim,, ., E[&,]. [5]

2. Let X = (X,)nez, be a stochastic process, adapted to a filtration (F,),ez, , such
that E[|X,,|] < oo for every n € Z,. Let us assume that

X,=Xo+ A, + M,

for every n € Z.., where A = (A, )nez, is previsible, M = (M,,)nez, is a martingale,
and AO = MO =0.

(a) State what it means for the stochastic process A = (A, )nez, to be previsible
with respect to (F,)nez, - [1]

(b) Suppose that we can also write

—_—~ ~

for every n € Z., where A = (gn>n€Z+ is previsible, M = (M, )nez, is a
martingale, and Ay = My = 0.

Prove that A = A and M = M. [5]
(c) Prove that X is a submartingale if and only if A is an increasing process (in
the sense that A,,1 > A, almost surely for every n € Z, ). [4]
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3. (a) Using It6’s formula, prove that if M = (M;),er, is a continuous local
martingale, and A € R is a constant, then the process

2

A
((:A(M)t = exp (AMt— ?<M, M>t>, tER+,

is a local martingale. [4]

(b) If B is a standard Brownian motion, use the result in part (a) to prove that
EX(B) is a martingale. [6]

4. (a) Let B be a Brownian motion on R, and let K be a progressive process on the
same filtered probability space, satisfying

t
E[/ K?ds
0

Denote by H? the set of the L?>-bounded and continuous martingales (i.e., all
continuous martingales M = (M;)ier, satisfying sup,cp, E[M7] < oo), and
HZ the subset of H? vanishing at 0.

Use the stopping technique and stochastic integration theory on HZ to
construct the stochastic integral fg K,dB; for all t > 0. Also, state whether
or not the process

< 00

for every t > 0.

t
/KSdBS, teR,,
0

is in HZ, and explain why. [5]

(b) Let B be a Brownian motion on R. Verify that you can use part (a) of
this question to define the integral M; = fot exp(Bs) dB;, and calculate both
(M, M), and E[M?]. (5]
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SECTION B

5. Let P and Q be probability measures on a measurable space ({2, F).

(a) State what it means for Q to be absolutely continuous with respect to P, and
what it means for P and QQ to be equivalent. (2]

(b) Now suppose that Q is absolutely continuous with respect to P. In particular,
we recall that this implies there exists an integrable random variable Z such
that

Q(A) = Ep[Z1 4] forall AeF.

Suppose that there exists another random variable Y with the property that
Q(A) = Ep[Y1,4] for all A e F.
Prove that Y = Z almost surely. [5]

(c) Prove that
Eg[X] = Ep[ZX]

for every integrable F-measurable random variable X. [4]

(d) Now suppose that P and Q are equivalent, so that in particular there also
exists an integrable random variable Z such that

Ee[X] = Eq[ZX]

for every integrable F-measurable random variable X .

Show that B
Eg|ZZ14] = Eg[l4]

for every A € F, and hence deduce that Z Z =1 almost surely. [4]
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6. Let (&)ien be a sequence of independent and identically distributed random
variables with P(§ = 1) = P(§ = —1) = 1, and let 7, = 0(&, ..., &), n € Zy, be
the natural filtration of this sequence. Let S = (Sy)nez, be the simple symmetric
random walk given by Sy = 0 and

Su=D &
i=1
for each n € N. For some constant o € R, let
X, =855 —6nS2 +n(3n+ )

for each n € Z,..

For some k£ € N, let
T =inf{n € Z; : |S,| = k}.
Throughout this question, you may assume that 7" is a stopping time, and that

E[T] = k?, so that in particular P(T < o) = 1.

(a) Show that the process X = (X,)nez, is a martingale with respect to the
filtration (F,)nez, , for some value of a which you should specify. [6]

(b) With the value of a found in part (a), show that
E[Sany —6(nAT)S2p+ (R AT)(3(nAT)+a)] =0

for each n € Z,. [2]

(c) Carefully justifying your argument, deduce that

E[k* — 6Tk + T (3T + a)] = 0. [5]
(d) Find an expression for the value of E[T?] in terms of k. [2]
ED01/2026 CONTINUED
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7. Let (£2,F,P) be a probability space, and let (X;)icr, be a real-valued
submartingale with respect to a filtration (F;),er,, such that E[|X;|]] < oo for
every t € R,.

(a) For somet € Ry, let t,, n=1,2,..., be asequence of times such that ¢, \ t
as n — 00.

Use the submartingale downcrossing inequality to prove that, for almost every
w € §2, the limit X, (w) = lim,,_,o X}, (w) exists.

(b) Prove that E[|X;;|] < oo for every t € R,.
(c¢) Prove that X; < E[X;, | F] for every t € R,.

8. Let (X[ )iwcr, be the solution to the stochastic differential equation
dXy = —-X[ dt + dW4, Xy =z,

where (W})icr, is a standard Brownian motion on R. For any bounded measurable
function f: R — R, let

Pf(z) =E[f(X])], teR,, zeR.

(a) Prove that

P,f(x) M) dy.

—\/ﬁ/ﬂgf(y)em(_ 1 o2

(b) Prove, using the Markov property, that for any ¢,s > 0, and any bounded
measurable function f,
Ptopsf:PtJrsf-

(c) Find a measure p on R such that

() — / £(9) (dy)

as t — oo for all z € R.

(d) For the measure u obtained in part (c), prove that, for any ¢ > 0,

/R Pf () pl(da) = / F(#) p(da).
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