Formula Sheet for MATH 4421

Geophysical and Astrophysical Fluids IV

1 Some vector identities

Ax(BxC)=(A-C)B—-(A-B)C

V. (fA)=(Vf) A+ SV A

Vx(fA)=(Vf)x A+ fVxA

Vx(VxA) =V(V-A) - VA

(A-V)A=1V|AP? - Ax (V x A)

V- (AxB)=B-(VxA)-A-(VxB)
Vx(AxB)=(B-V)A—(A-V)B+AV-B-BV-A
V(A-B)=(A-V)B+ (B-V)A+Ax (VxB)+Bx (VxA)

2 In cylindrical coordinates (7,0, z)

Vi =edf+lof + e..f
V-A= %ar(mr) + %89,49 + 9.4,
1 1
Vx A= (-0pA: — 0:Ag)er + (9:Ar — 0, Ax)eq + ~ (9 (rAg) — BpAr)es

1 1
v2f = ;81" (T arf) + TﬁaGGf + azzf

2 9 2 1 9
ﬁ@@AQ) e, + (V Ay + ﬁagAr - ﬁAg) ey +e, VA,

B"Ae) +eo(B- VA + BoAr
T T

V2A = (V24, - L4
T

(B-V)A=e,(B-VA, -

)+eZB-VAZ
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3 In spherical coordinates (7,0, ¢)

Vf=edf+Lopf + —20,f (F14)
T rsin 6

1 1
VA= 50:(rPA) + ——p(Agsinb) + 9 Ay (F15)

7 sin (9

€y . _ €9
VxA =1 (9p(Aysin0) — 95A9) + - (—Sm 505 Ar 0, (TA¢)) £2(0,(rAg) — BpA,)
(F16)
V2 = 200 0f) + ——— By (sin 005f) + —— ! (F17)
S 2sing b r2sin2 0 90
2 2
24 _ (w24 _ 24 _ -
v2A = (V24 5Ar = 5 [0p(sin 6.49) +0544) ) er
2 A 2cosf
2 “ _ o
+ (V Ao+ r2 Do Ar r2sin?f  r2sin? 06¢A¢>69
+ (V244 + 2_5,A +M0A—i) (F18)
o P 2sing T T 1 2sin2 7?0 T 125in2 /Y
By A By A ByA ByA
(B-V)A=e (B VA4, - =022 ¢) +eg(B - VAy— 2 ot + L)
r r r
BsA,  ByA
+eg(B- VA, + =2 4 2220 cot) (F19)
r r
4 Bessel functions
Bessel functions u(r) = J,(r) and u(r) = Y, (r) are solutions to the ODE
r2u” +ru' + (r? — n?)u = 0. (F20)
Both J,,(r) and Y, (r) — 0 as r — 00; Jp(0) = dpno, and |Yy,(r)] — oo as r — 0.
5 Legendre polynomials
When /¢ is an integer, the ODE
(1 —sHu" — 250’ + £(0 + 1)u =0, (F21)

has polynomial solutions Py(s).

[The other solutions Q(s) are singular at s = +1, and for non-integer ¢ neither set of solutions
is well defined at s = £1.]

6 Transport theorems

D

dt f / <D{ +fV- > dV  [for a material volume V] (F22)
b

— [ b-dS = (8 -V x(uxb)+uV- b) - dS [for a material surface S;]  (F23)
dt St St at
d Oa .
—/ a-dl = / ( —uxVxa+V(u- a)) -dl  [for a material curve -] (F24)
dt /., ot
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