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SECTION A

1. A student asks their professor for n bespoke reference letters and provides n
correctly addressed envelopes. The professor agrees, writes the letters, but—being
absent-minded—places them into the envelopes uniformly at random, one per
envelope. Let S, be the number of letters that end up in their correct envelopes.
By using inclusion-exclusion or otherwise, find P(S,, > 0) and show that P(S,, =
0) — e~ ! as n — oo. Deduce that, as n — oo, the distribution of S, converges to
Poi(1), the Poisson distribution with parameter 1.

Hint: What is the probability that letters 1, 2, ..., k are placed into their correct
envelopes? [10]

2. Given a sample {X;.}7_, from ¢(0, 1), the uniform distribution on (0,1), let X,
X(2), and X(3) be the corresponding order variables.
(a) Carefully derive the probability density function fx, (v). [5]

(b) Find the conditional density fx,,, x| X (; 2 |y) of X(1) and X(3) given that
X(2) = y. Explain your findings. [5]

3. (a) For each of the following graph properties, determine if they are increasing,
decreasing or non-monotone, and justify your answer.

(i) P, ={G : G is bipartite}
(ii) P2 = {G : G contains an induced subgraph H} for a fixed H
(i) Ps; = {G : the largest component of G is a tree}
(iv) Py ={G : G is non-planar}
Note: a graph G = (V, E) is bipartite if V' can be split into two disjoint sets
A, B (i.e., V = AU B) such that every edge e € F connects a vertex in A to
one in B. (3]

(b) Let K5 denote the complete graph on 5 vertices. Let G, , be the binomial
random graph and G, ,, the uniform random graph on the vertex set V =

{1,....,n}.

Let

e X, be the number of 5-vertex subsets S C V such that the subgraph
induced by S'is a K5 in G, p,

e X,, be the analogous number for G,, ,.
(i) Compute the expectations E[X,]| and E[X,,]. (3]
(ii) Find a relation between p = p(n) and m = m(n) that ensures

EIX

Jim e =1 4]
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4. We write X <Y for stochastic domination, meaning
P(X >t)<P(Y >t) forallteR.

Let X ~ N(ux,0%) and Y ~ N(puy,0%) be one-dimensional Gaussian random

variables with means px, py € R and variances 0%, 03 > 0.

(a) Give necessary and sufficient conditions on (ux,ox) and (uy,oy) for the
stochastic domination
X <Y, [5]

(b) Now assume px = uy = 0. Prove that

[ X| Y| <= ox<oy. [5]
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SECTION B

5. Let (X,)n>1 be independent random variables with common distribution satisfying

lim ze”/?P(X, > 1) = A,

r—00

where A > 0 is a fixed constant.

(a) Find real ¢ > 0 such that P (hm sup

Xo c) =1 [6]
nooo Vlogn /)

(b) Define M, = max X}, the running record value at time n. Show that with
SKRSn

the same constant ¢ as above,

P (1‘ M,
im sup
n—oo y90ogmn

(c) Express the probability P(M, < x) using the distribution of individual
variables Xj, and use your result to find a constant ¢ such that

:c)zl. [5]

P( lim — 1. [4]

M, >
— =
n—oo y/logn
In your answer you should clearly state every result you use.

Hint: You may use without proof the following fact:

If (x,)n>1 are real numbers, m, = max 1, and a monotone sequence (by),>1
> nax >

increases to infinity as n — oo, then the sets {n € N : z, > b,} and
{n € N:m, >b,} are both finite or both infinite.

6. Consider Sy, Sy, ... an infinite simple random walk with parameter p # 1/2 starting
at the origin, Sy = 0. Write N for the total number of visits to the origin and
write L for the time of the last visit to the origin,

N = Z Lis,=oy, L=sup{n>0:8, =0}

n>0

(a) Find the distribution of N and deduce that E[e*"] < co for some a > 0. 6]
Hint: You may use without proof the following fact:
for ¢ small enough, W(t) := 37~ t"P(S, = 0) = (1 —4p(1 — p)t?)

(b) Find the generating function of L and deduce that E[e*!] < oo for some

—-1/2

a> 0. [5]
(c) By using the exponential Markov inequality or otherwise, show that N and
L are finite random variables, P(N < o0) =1 and P(L < o0) = 1. 4]
EDO01/2026 CONTINUED
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7. Let G,, be the binomial random graph on vertex set V' = {1,...,n}. An isolated
cherry is a set of three vertices {u,v,w} such that

e the induced subgraph G[{u,v,w}] is a path of length 2 with centre v (i.e.
edges uv and vw are present but uw is absent), and

e there are no edges between {u,v,w} and V' \ {u,v,w} (so {u,v,w} forms a
connected component of size 3).

Let X be the number of isolated cherries in G, .

(a) Compute the expectation E[X] explicitly in terms of n and p. [4]
(b) Compute the variance Var[X]| explicitly in terms of n and p. [5]

n
(c) Let p = p(n) satisty 1_p — ¢ as n — oo, for some constant ¢ > 0. Show
ogn

that
P(X>1)—0 ifc>g, and  PX>1)—1 if0<ec<s.

(Hint: You may use the first and second moment methods.) [6]

8. For bond percolation on the hexagonal (or honeycomb) lattice, show that its critical
value p¢, is non-trivial: 0 < p, < 1. [15]

Figure 1: A small patch of the hexagonal (honeycomb) lattice.
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