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v Graph [ =R,01 =1,00 = -1
% The operator Ay, a0 = (ay,a )

e T he differential expression

1
AU = AU =-U" + 5(_(];/1 + q3.U)
1
+ S(=Up +a2U)
e Matching conditions:
[U:/C](:tla q4, Q—) — a:l:C_H:U(:I:]w q4, Q—)

e The decomposition U ~ {um.n}

U(z,qy,9-) = > umn(@)xm(gt)xn(g-),

m,neNg
.AU ~/ {Lm,nUm7n} =
(Lmnu)(x) = —u"(2) + rmnu(z), x 7= +1;

(1)

Tmn =m+n—+ 1, m,n € Np.



e Matching conditions at x = +1

[, 1] (1)

_ % (Vi F L1 o (1) + Vg —1,(1))

(2)
[u;n,n](_l)
— Oé—\/% <\/mum,n+1(_1) + \/ﬁumm’_l(_l))
(3)

e The domain D, of A,
An element U ~ {um,n} lies in Dy if and only if
1. umn € HY(R) for all m,n.

2. For all m,n the restriction of um n to each
interval (—oo,—1), (—=1,1), (1,00) lies in H?
and moreover,

Z/ |Lm,num,n|2d:c < 0.
m,n /R

3. The conditions (2) and (3) are satisfied.
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% Theorem 1
For all ay,a— > 0,Aq is self-adjoint

Y T heorem 2

1. a4 < V2= 04.c(Ag) = [1,00)

2. oy = V2,a_ < V2(or a_ = \5,&4_ < /?2)
= 0a.c(An) = [1/2,0)

3. ay = a- =V2 = 04.c(Aa) = [0,00)



Yy T heorem 3

1. ar < V2 = A, is bounded below and its
spectrum in (—oo,1) is non-empty and fi-
nite.

2. Let
Qu ={(z,y) 1 V(z) <y<1, W(y <z< 1},
where
W) =e %O w(@t) = ot t — 0.
Then,

N_(1;Aq) ~

1 Oé_|_
4\/5\/\/5 — Q.

1 o
+ 4@%@—(1_’ (4)
at T V2. (5)
uniformly for (1—a4 /v2,1—a_/v?2) € Q.
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v Proof of Theorem 1
TO prove

AV =AV, (N€Cy)=V =0

® VN{’Um,n},Tm,n:m+n+1,

’Um,n(x) — Tgl/,i{cgz_,nqb;g,n(x) + Cw_?,,ngb;z,n(x)}

where {¢7—7I_7,,n, bm.nt iS @ basis of I = {v: ="+
?v = 0,v € L?(R)}, with ¢?2 = rpn — A =:
G (N).

oV € L2(R3) & {Cihn, O} € £2(NB; C?)

e Matching conditions (2) and (3) =



4+
Im+1, nCm+1 n

2,LL_|_pm,n(/\> + —  »—2Cm,n(N)
+ 1 — 6_4Cm,n(/\) <Cm no Cm,ne )

Un,n+1Cmnt-1

QN—pm,n(/\) B b (M)
+ 1 — e_4Cm,n(/\) (C’m,n — Cm,ne )

-I-q;mC_ 1_0

where
+ . 1/2.1/4 1/4
Qm,n — M / T 1
o1/2 1/4 1/4
B = T / TmnTm n—1

Pmn(N) = Cm, n(/\)rl/2



e Let R(A) be the infinite matrix which corre-
sponds to this system and R'(A) that for the
system with exponential terms removed (oper-
ators in ¢2(N2; C2)).

e R'(A) = ,205(N) & 2,90, (N)

3% Jacobi matrices
3G < (eyf/ITD

= RGO < (eyf|rD

VA

o R(it) = R'(i7) + N(i1)
N(iT) block-diagonal, ||N(iT)|| < C(7g),|7| > 70.

e For |r| large enough, R(iT) has a bounded
inverse

=V =0.



Yy Proof of Theorem 2

e The operator AY

A=A ®A,_

ALl = Z@(AR+ia++n+l/Q) ’

neNg

Ay = Y Y(Ag . +m+1/2)
meNp
AR+;Q+ one-oscillator operator on R4 with match-
ing condition at o1 = 1 and Dirichlet condition
at O; similarly for Ag_.,_.

e (A2 —N) 3 - (Aa—-N3e6;

e Complete isometric wave operators exist for
(Ao, AQ) and (AZ, As)

e Absolutely continuous parts of A, and AQ
unitarily equivalent =T heorem 2.



Yy Proof of Theorem 3

e Quadratic form

aalU] = a[U] 4 ayby [U] + a_b_[U],

where, for U ~ {umn},

alU] = % | (lunn @) + rmalum.al?)dz,
m,neNg
brlU] = Re Y vVZ2mumn(Lum-1,.(1),
m,neNq
m,neNqg
e ot <V2=

oy by U]+ a b _[U]] < a[U]+ K||U|3

ar < V2 =a, closed



e 0(Ay) N(—o00,1) finite and non-empty
Let A((XL) be the operator associated with ag,
on

d(L) = {U~A{umn}t:umn(£l) =0,m+n < L}

A((XL) = A((XL’_) & A&L’H where

D 2
A= Y (- L pmtat1),
m+n<L dz?

(AL ™)) = ouc(AST)) = [1,00)
and for any Ag > O,
AT > .
Thus
c(AS) =[1,00);  0a.c(AS?) D [1,20)

d(L) has finite co-dimension in d = resolvents
of Aa,A&L) differ by a finite rank operator.
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e Removing the component ug g

et
HO := {U ~ {umn} : up,0 = 0}

and denote corresponding forms and operators
by ag, Ag) c .

0< N_(1;Aq) — N_(1;A)) <2

e Let B, be the bounded operator in d° asso-
ciated with a3 by +a_b_ and F:=3% F S
We have F1 c ker B, and we can restrict at-
tention to ¥. Bounded operators BQ: are de-
fined on ¢2(N3 \ {0,0}) such that

N_(1;A) = Ny (1; a4 B/, —a_B’)
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I+a4Bl +a B = {I+ayBY)®(I+a_B")+X,

N_(0; I+ a+B

) 1 o+
- 4\5\/\@ — ot

N4 (e Xal) < RInN*(K/¢).
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