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1. Long-range OP with characteristic exponent o

OP on Z% x Z, (= discrete-time model for the spread of an infection)

roccupied w.p. pD(z — y)

e ((z,n),(y,n+ 1)) : (time-oriented) bond
vacant w.p. 1 —pD(x — y)

(D ) Zd-symm. probab. distr. on Zd; p € [0, |D||gol] : percolation parameter)

def { (z,n) = (y,l), or EI{(wj,j)}é-:n with w, = z and }

o {(zn) — (y,1)} & | | o an
{ connected to } w; =1y S.t. ((wj,j), (wj_|_1,] + 1)) occupied Vj

e.dg., 1-dimensional nearest-neighbour model: D(x) = %1{\:6\:1}




Existence of a phase transition (Aizenman-Newman 1984)

dpc > 1 s.t. Z Z Pp<(0,0) — (aj,n)) < 0 I p<pc
n=0 pc74d = oo if p2>pc

(i) Finite-variance OP (1 — D(k) < |k|2)

(a) Nearest-neighbour model: D(z) = 27 1{|z|=1}
(b) Spread-out model: Kac potential defined by
h(xz/L)

h : bounded probab distribution on R with finite 2 —+ " moment

D(x) = = O(L™% h(xz/L) for some L < oo

(ii) Long-range OP with exponent « (1 — D(k) =< |k|*"2 (x log |%| if o = 2))

Kac potential defined by h (b.p.d.on R%) with h(z) = |z|~¢"® for |z| > 1
(JF v 1)—d=@

for some L < oo
Zyezd(|%| \2 1)_d_&

e.g., D(x)=




2. Main results

Observables: 2-point function and its Fourier transform

ep(z,n) e Pp((o, 0) — (a:,n)) Zp(k;n) e > eik'xgpp(x,n)

xeZd

Fact 3m, = lim Z,(0;n) "1/
n|ioco

{non-increasing inp>0
(. sub-additivity)

> 1 for p € (O,pc) (.- Simon-Lieb ineq)

Theorem (with L.-C. Chen, 2007) Let d > 2(aA?2), € € (O, 1/\d_i(/f‘2A2)) and
def

A= L %<« 1. Then, the following (a)—(c) hold for p < pc:

(a) mpe =1, pc=1 4+ 5 Z D*Qn(o) —|-O()\2)

o))
(b) 3C =14 0(\) s.t. Z,(0;n) = cm];n(l + O(n—e))

(cf., Zp(0;n) = p™ and pc = 1 for the branching process.)



(c) Suppose that Jv € (0, 0) s.t.

B v| k|2 if o £ 2

B ()Mww ”M%OTT if =2
k 1 it 2

Let k, = — X I a7 2 Then, 3C,C' =1+ O()) s.t.
(vn)anrz logy/n ifa=2
e O™ < lim inf Zplknin) < limsup ZpUnin) < e IR
n—oo  Z,(0;n) n—oo  Z,(0;n)
Remark

Finite-variance OP for d > 4 (N-Y 1995 (finite-range); vdH-SI 2002 (p = pc))

_ Zp(k/von,n) _ o2
3C =1+ O()\) s.t. im 0n e

cf., RG/numerical results for d < 4 (e.g., Hyunggyu-Lucian-SuChan 2005):

e.g.,

n1(d) if d < 4

Zn-(0; ~
pe(0in) {Iogl/6n if d =4



3. Lace expansion
Expansion and its coefficients

pp(x,n) =mp(z,n) + > Y wplu,l —1)pD(v — w)pp(z —v,n —1)
=1y vezd

(x,n) (x,n) (x,n) (x,n)

mp(x,n) = Z (—l)Nﬂ-](?N)(x,n) :Pp( ) —Pp< ) —|—IP)p< U ) — ...

N=0
(0,0) (0,0) (0,0 (0,0)

cf., Random-walk 2-point function

Pp(z,n) E (pD)™(2) = 62,0600+ > pD(v)Pp(z —v,n — 1)

veZd
00 00 _
=  Py(k,z2) e >y zneZk'xPp(:U,n) = > ) (p2)"e* TPy (x,n)
n=0 gpcz7d n=0 yczd
P]_(k,pZ)

7

pmp=1 -1

L7 (pmy — pzD(K)) " = (p(my — 2) + p=(1 — D(K)))



First stage <gpp = mp O 4 7r )% pD * ©p — Rz(jl))

¢ {(0,0) = (z,n)} = {(0,0) = (z,n)} U {(0,0) — (z,n), (0,0) # (z,n)}

(xn) (xn)
O § dpivotal bonds
(0,0) (0,0)
(x,n) (x,n)
{ }=u{{<00>jbﬁ<m>}\{ }}
b b
(0,0 (0,0




Second stage (R](gl) = 771(?1) + Wz(vn *pD * pp — R1(92)>

(x,n) (x,n) (n)
_ b
— UJ U
b b of
b
(0,0 . (0,0 )
o (<) . (0.0 )

def =~ Eb((07 O)ab/) M {b/ - (ZB,’NJ)}

Ep((0,0),(z,n)) = b

(0,0

° IP)p(Eb((O, 0),6)n{v) — (x, n)}) Markov EP’p(Eb((o, O),b’))/ EP’p(b’ — (m,n))/

7TZ(?1) pD - p



4. Analysis of the lace expansion
(i) 0 < 7p(k,z) < oo uniformly in k € [—m,7]%, |z| < my

00 ~ 1
= Pp(k,z) = ) 2"Zp(kin) = (% —pzD(k))
=0

1
= (5t~ mmg + P D ®)
=0

_ 7p(0,mp) — Fp(k,2)\
— (p(mp —2z) +pz(1 - D(k)) + 7]%;(()7;,21;)7?19(0[?7(7];1;))>

(i { (0, mp) — 7p(0,2) = O(N\) p(mp — 2)
(0, 2) — Tp(k,z) = O(N) pz(1 — D(k))

} uniformly in k and |z| < my

A Gk, 2) = ((1 + 0 plmp — ) + (1 + 0N p=(1 - D(k))>_1

d>2(aNn2)
~ A1
(iii) pp(k, z) ~ P1(k,pp, ) for some pp - W Assumptions in (i)—(ii)
ineq

~1
(iv) Tauberian estimates: ¢,(0,z) ~ A<1 — mip> = Zp(0;n) ~ Am,™"



Key estimates (with L.-C. Chen, 2007)

o p(0,my) = 7p(0,2) = (mp— ) ( 0:Ap(0,2)| _ 4+ O((mp—2)) )

o0
Need > ) n1(+€)mg7rp(ac,n)
n=0 zc7d
e For finite-variance OP

. - k|2 R .
7p(0, 2) — 7p(k, z) = %( —Vv2a,(k, z)‘ﬁzo + O(|k| )J)

\

oo
Need ) > |x|2(+€)mg mp(x,n)
n=0 zezd
e For long-range OP with characteristic exponent «
? |k|? an e
(0, 2) = fp(k, 2) = (= VFp(k, )| _ + OIK[))

Adaptation of the trigonometric techniques (B-Cha-vdH-SI-Sp 2005)
‘ﬁp(O,z) — ﬁp(k,z)| < (1 — D(k;)) Z > m (7Tp with “extra vertex” )(az,n)

n— x€Z4
—0()) if d>2(an2) and A1

7




5. Concluding remark
e Critical behaviour for long-range OP with characteristic exponent «

( 1 2
~ 1453 5 D*n
d>2(an2) be L1oo T2 2n=0 (0)

A=L 9«1 _ _
hz) =< |z|~¢0 = Zp(O,n)n?oo(l—l—O()\))mpn

N\

Zp(knin) ., L(1HO(N))|K| N2
\ Zp(0;n) nT_oo

e Key points
- Lace expansion for OP
- Application of trigonometric techniques
- Fractional moments for the time variable of the expansion coefficients

e Open problem
Fractional moments for the spatial variable of the expansion coefficients



