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Multivariate Time Series

Universiteit Maastricht lD,

Consider multivariate time series

Xv = (XV(I))t€Z7 XV(t) = (XV(t))VE\/'

Assumptions:
e Xy is Gaussian process
E(Xv(t)) =0
* ( v( )) . } stationary process
o T(u) =B(Xv(t)Xv(t)")

Thus our model is

Xv NN(O,F), M= (r(u _v))u,ve7/:'
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Undlrected Graphs Universiteit Maastricht %

Let Xy ~ N (0, M) with T = (T(u = V), ,cp

Covariance graphs:

Mj(u) =0 = Xi(t) LLX(t —u) Vte7Z
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Undlrected Graphs Universiteit Maastricht %

Let Xy ~ N (0, M) with T = (T(u = V), ,cp

Covariance graphs:
Mj(u) =0 = Xi(t) LLX(t —u) Vte7Z
define covariance graph G = (V x Z, E)

(t,i)-—-(s,j]) ¢ E & Tj(t—s)=0
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Undlrected Graphs Universiteit Maastricht %

Let Xy ~ N (0, M) with T = (T(u = V), ,cp

Covariance selection graphs:

let ™ = r—* pe the inverse covariance matrix

ru)=0 = Xi(t) AL Xj(t — u) | Xy \{Xi(t), Xj(t —u)} VteZ
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Undirected Graphs e %

Let Xy ~ N (0, M) with T = (T(u = V), ,cp

Covariance selection graphs:

let ™ = r—* pe the inverse covariance matrix

ru)=0 = Xi(t) AL Xj(t — u) | Xy \{Xi(t), Xj(t —u)} VteZ

define concentration graph G = (V x Z,E) by

(tLi) —(s,))¢E & T(t-s)=0
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Frequency domain

A stationary Gaussian process has a spectral representation

Xy (t) = /ﬂ e dzy, (V)

where Zyx, () is a complex-valued Gaussian process on N = [—x, ) with
L] E(va ()\)) = 0,

o var (Zy,(\) = [*_f(A)d),

o B([Zx, (%) — Zx, (M)] [Zx, (12) — Zx, (11)]) = O if
(A1, A2] N (pa, p2] = @
f(A) is called the spectral matrix of Xy .
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Frequency domain

A stationary Gaussian process has a spectral representation

Xy (t) = /ﬂ e dzy, (V)

where Zyx, () is a complex-valued Gaussian process on N = [—x, ) with
L] E(va ()\)) = 0,

o var (Zy,(\) = [*_f(A)d),

o B([Zx, (%) — Zx, (M)] [Zx, (12) — Zx, (11)]) = O if
(A1, A2] N (pa, p2] = @
f(A) is called the spectral matrix of Xy .

Interpretation:
e Xy can be decomposed into frequency components (sines and cosines)

e dZx, () is the amplitude of the component for frequency A
o f(\) is the covariance matrix of dZx, (\)
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Frequency domain

e Covariance graphs: we have

r(u) = /ne““f(A)dA

It follows that
Fap(U)=0 Yu€eEZ & fap(A\)=0 Vrel
& dZy, (M) LLdZx,(A) YAen
& XallL Xp
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Frequency domain

e Covariance graphs: we have o)
F(u):/e““f()\)d)\ @ ©
n

It follows that
Fap(U)=0 Yu€eEZ & fap(A\)=0 Vrel
& dZy, (M) LLdZx,(A) YAen
& XallL Xp
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Frequency domain

e Covariance graphs: we have o)
I'(u):/e““f()\)d)\ @ ©
n

It follows that
FTa(U) =0 YUEZ & fp(A\)=0 VAEN
& 0Zx,(A) LLdZx,(A) vaen
& Xa L Xy
e Covariance selection graphs: we have
rf(u) = i/e‘*“ffl(A)dA
4n2 [,
It follows that
rQu)y=0 Yuez o f3'(\)=0 VAe
& AZx, (A) LLdZx,(A) [dZxy, ., (A) VA €N
< Xa L Xp | Xv\{a,b}
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U n d | rected G raphs Universiteit Maastricht %

Frequency domain

e Covariance graphs: we have o)
I'(u):/e““f()\)d)\ @ ©
n

It follows that
Fap(U)=0 Yu€eEZ & fap(A\)=0 Vrel
& dZy, (M) LLdZx,(A) YAen
& XallL Xp

e Covariance selection graphs: we have

rOu) = le/e‘*“ffl(x)dx ®/@\®
7™ Jn

It follows that
QU)=0 YueZ < ' (\)=0 vaen
& AZx, (A) LLdZx,(A) [dZxy, ., (A) VA €N
& Xa L Xp [ X\ (a0}
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Relation to time series models

U n d | reCted G rap hS Universiteit Maastricht %

Relation to common time series models:
e [(u) =0 V|u|> qthen Xy is a VMA(Q) process:

q .
Xv(t) = > W(h)ev(t—h),  ev(t) © N(0,%)
h=0
e TO(u) =0 V|u| > p then Xy is a VAR(p) process:

O(M) Xy (t —h) +ev(t),  ev(t) 2 N(0,%)

MU

Xv(t) =

>
[
[N

Note: graphical constraints on the parameters in each model are nonlinear
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Consider VAR(p) process - vector autoregressive process of order p:

Xy(t) = ST o(h) Xy (t —h)+ev(t),  ev(t) S N(0,X)

o
M
i

Let Xy (1) = {Xv(s),s < t}:
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Mode””’]g dynamlcs Universiteit Maastricht %

Consider VAR(p) process - vector autoregressive process of order p:

Xy(t) = ST o) Xy (t —h)+ev(t), ev(t) ©AN(0,X)

o
M
i

Let Xy (1) = {Xv(s),s < t}:
o ®j(h) =0 = Xi(t) LLXj(t —h) [Xv(t = 1\ {X;(t —h)}
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Consider VAR(p) process - vector autoregressive process of order p:

Xy(t) = ST o) Xy (t —h)+ev(t), ev(t) ©AN(0,X)

o
M
i

Let Xy (1) = {Xv(s),s < t}:
o ®j(h) =0 = Xi(t) LLXj(t —h) [Xv(t = 1\ {X;(t —h)}

° Zij =0= Xi(t)J_LXj(tHYv(t—l)
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Mode|||ng dynamlcs Universiteit Maastricht %

Consider VAR(p) process - vector autoregressive process of order p:

Xy(t) = ST o) Xy (t —h)+ev(t), ev(t) ©AN(0,X)

o
M
i

Let Xy (1) = {Xv(s),s < t}:
o ®j(h) =0 = Xi(t) LLXj(t —h) [Xv(t = 1\ {X;(t —h)}

° Zij =0= Xi(t)J_LXj(t)lfv(t—l)

Mixed graph for conditional distribution of Xy (t) given Xy (t — 1):
&
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Consider VAR(p) process - vector autoregressive process of order p:

Xy(t) = ST o) Xy (t —h)+ev(t), ev(t) ©AN(0,X)

o
M
i

Let Xy (1) = {Xv(s),s < t}:
o ®j(h) =0 = Xi(t) LLXj(t —h) [Xv(t = 1\ {X;(t —h)}

° Zij =0= Xi(t)J_LXj(t)lfv(t—l)

Mixed graph for conditional distribution of Xy (t) given Xy (t — 1):
&
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Modelllng dynamlcs Universiteit Maastricht %

Frequency domain

The spectral representation of Xy (t) yields the linear equation system
dZx, (A) = ®(A) dZx, (A) + dZ., (N)
where ®()\) = &(1)e™ + ... + d(p)e™P.

Such linear (structural) equation systems have been visualized by path
diagrams (eg Wright 1923, Koster 1999).
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Frequency domain

The spectral representation of Xy (t) yields the linear equation system
dZx, (A) = ®(A) dZx, (A) + dZ., (N)
where ®()\) = &(1)e™ + ... + d(p)e™P.

Such linear (structural) equation systems have been visualized by path
diagrams (eg Wright 1923, Koster 1999).

The path diagram G = (V, E) associated with the above equation system
satisfies

Oi—>j§§E = q’ji()\)EO

'i———j¢E 4 Zij:O
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Frequency domain

The spectral representation of Xy (t) yields the linear equation system
dZx, (A) = ®(A) dZx, (A) + dZ., (N)
where ®()\) = &(1)e™ + ... + d(p)e™P.

Such linear (structural) equation systems have been visualized by path
diagrams (eg Wright 1923, Koster 1999).

The path diagram G = (V, E) associated with the above equation system
satisfies

Oi—>j§§E = q’ji()\)EO

'i———j¢E 4 Zij:O

N
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Modelllng Dynamlcs Universiteit Maastricht lD,

Time domain interpretation

Let G be the path diagram associated with linear equation system

dZx, (A) = (X) dZy, (A) + dZz, (V)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Let G be the path diagram associated with linear equation system

dZx, (A) = (X) dZy, (A) + dZz, (V)

o directed edges:

= Xi(t) LLXj(t = 1) | X\ gy (t — 1)

~» X; is Granger-noncausal for X; with respect to Xv (Xj - X; [Xv])
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Let G be the path diagram associated with linear equation system

dZx, (A) = (X) dZy, (A) + dZz, (V)

e directed edges:
j—i¢G = ¢i(N)=0 = (l)=...=di(p)=0
= Xi(0) L Xj(t 1) [ Xyygy(t — 1)

~» X; is Granger-noncausal for X; with respect to Xv (Xj - X; [Xv])
e undirected edges:

i-—j¢G = =0 = g(t)Llegt)
= Xi(t) ILX;(t) | Xv(t — 1)

Xi and X; are contemporaneously independentw.r.t. Xy (Xj = X; [Xv])
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Modelllng Dynamlcs Universiteit Maastricht lD,

Time domain interpretation

Example: consider five-dimensional VAR(1) process
Xv(t) = ¢X\/(t — l) —|—€V(t)

iid @ @
€v(t) ~ ./\/'(O7 Z)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Example: consider five-dimensional VAR(1) process

® ®
O O ®

Xv(t) = ¢X\/(t — l) —|—€V(t)
ev(t) X N(0,X)

with
. Xl(t) =& Xl(t — 1) + ®y3 X3(t — 1) + 51(t)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Example: consider five-dimensional VAR(1) process

Xv(t):¢XV(t—l)+€v(t) @
ev(t) X N(0,X) 0
© SR ¢) ®

with
. Xl(t) =& Xl(t — 1) + ®y3 X3(t — 1) + 51(t)
° Xz(t) = by Xz(t — 1) + ®yy X4(t — 1) + Ez(t)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Example: consider five-dimensional VAR(1) process

Xv(t) = ¢X\/(t — l) —|—€V(t)
) N O)
ev(t) X N(0,X) @\
O=——=0) ®

with
o Xy(t) = P11 Xa(t — 1) + 13 Xa(t — 1) + &1(t)
o Xo(t) = oo Xo(t — 1) + Doa Xa(t — 1) 4 e2(t)
o X3(t) = P31 Xa(t — 1) + D3 Xo(t — 1) + Paz Xa(t — 1) + e3(t)
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Time domain interpretation

Example: consider five-dimensional VAR(1) process

Xv(t) = q)X\/(t — l) —|—€V(t)

iid @\ )
v (t) " N(0,T) @C‘J/
©,

with
o Xy(t) = P11 Xa(t — 1) + 13 Xa(t — 1) + &1(t)
o Xo(t) = oo Xo(t — 1) + Doa Xa(t — 1) 4 e2(t)
o X3(t) = P31 Xa(t — 1) + D3 Xo(t — 1) + Paz Xa(t — 1) + e3(t)
o Xu(t) = Paz Xa(t — 1) + Pag Xa(t — 1) + Pus Xs(t — 1) + ea(t)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Example: consider five-dimensional VAR(1) process

Xv(t) = q)X\/(t — 1) —|—€V(t)

iid @\ o
€v(t) ~ ./\/'(O7 Z)
O@:L

with
o Xy(t) = P11 Xa(t — 1) + 13 Xa(t — 1) + &1(t)
o Xo(t) = oo Xo(t — 1) + ®oa Xa(t — 1) + e2(t)
o X3(t) = ®31 Xa(t — 1) + P Xao(t — 1) + P33 Xa(t — 1) 4 e3(t)
o Xu(t) = Paz Xa(t — 1) + Pag Xa(t — 1) + Pus Xs(t — 1) + ea(t)
° Xs(t) = &sg3 Xg(t — 1) + &5 Xs(t — 1) + Es(t)
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Modelllng Dynamlcs Universiteit Maastricht %

Time domain interpretation

Example: consider five-dimensional VAR(1) process
Xv(t) = q)X\/(t — 1) —|—€V(t)
ev(t) © N(0,T)

with
. Xl(t) ®qq Xl(t — 1) + ®y3 X3(t — 1) + 51(t)
° Xz(t) = by Xz(t — 1) + &y X4(t — 1) +4 Ez(t)
° X3(t) = b3 Xl(t — 1) + &35 Xz(t — 1) + &33 Xg(t — 1) +4 Eg(t)
. X4(t) = dy3 X3(t — 1) + by X4(t — 1) + ®ys Xs(t — 1) + 54(t)
° Xs(t) bs3 Xg(t — 1) + &5 Xs(t — 1) + Es(t)
o o3 0 0
o2 ox 0 O
e 031 032 o3 0 O
0 044 0
0 0 oss
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Separation in mixed graphs

Objective: derive dynamic structure for subprocess Xs, S C V
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Separation in mixed graphs

Objective: derive dynamic structure for subprocess Xs, S C V

Idea: characterize pathways that induce associations
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Separation in mixed graphs

Objective: derive dynamic structure for subprocess Xs, S C V
Idea: characterize pathways that induce associations

Tool: concepts of separation in graphs
e DAGs: d-separation (Pearl 1988)

e mixed graphs: d-separation (Spirtes et al. 1998, Koster 1999) or
m-separation (Richardson 2003)

Definitions:
e Collider
O—0O=—20
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Separation in mixed graphs

Objective: derive dynamic structure for subprocess Xs, S C V
Idea: characterize pathways that induce associations

Tool: concepts of separation in graphs
e DAGs: d-separation (Pearl 1988)

e mixed graphs: d-separation (Spirtes et al. 1998, Koster 1999) or
m-separation (Richardson 2003)

Definitions:
e Collider
O—0O=—20

e Non-collider

Oo—0O0—0O O=~—0—=0
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Separation in mixed graphs

Objective: derive dynamic structure for subprocess Xs, S C V
Idea: characterize pathways that induce associations
Tool: concepts of separation in graphs

e DAGs: d-separation (Pearl 1988)

e mixed graphs: d-separation (Spirtes et al. 1998, Koster 1999) or
m-separation (Richardson 2003)

Definitions:
e Collider
O—0O=—20

e Non-collider

Oo—0O0—0O O=~—0—=0

e Dashed undirected edges
O----0O correspondsto O=—=0
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Global Granger-causal Markov property Universiei Maasrict %

Separation in mixed graphs

A path 7 (sequence of adjacent edges) between a and b is said to be
connecting given S if

e every non-collideron 7 isnotin S;
e every collideron wisin S.
Otherwise the path = is blocked given S.

Example: Onthepathl — 2+—3---4+-5— 6
e vertices 2 and 4 are colliders;
e vertices 3 and 5 are non-colliders;
¢ the endpoints 1 and 6 are neither colliders nor non-colliders.

Consequently, the path is connecting only given S = {2, 4}; otherwise it is
blocked.
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Global Granger-causal Markov property

Universiteit Maastricht ID,

Results: A, B, C disjoint subsets of V
o Global Markov property:

AXyB|C = XallXs|Xc.

Example:

1Xm5]{3,4}

«Or«aFr«=r¥vH)am

= Xl 1l Xsg ‘ X{gy4}
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Global Granger-causal Markov property e %

Results: A, B, C disjoint subsets of V
o Global Markov property:
AXyB|C = XallXg|Xc.

¢ Global Granger-causal Markov property:
If all paths 7 from A into B are blocked by C U B then

Xa = Xg [Xausuc]- path into B:
arrowhead at B

Example:
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Global Granger-causal Markov property et %

Results: A, B, C disjoint subsets of V
o Global Markov property:
AXyB|C = XallXg|Xc.

¢ Global Granger-causal Markov property:
If all paths 7 from A into B are blocked by C U B then

Xa = Xg [Xausuc]- path into B:
arrowhead at B

Example:

all paths from 1 into 4 are blocked by {3,4}

= Xj is Granger-noncausal for X4 w.r.t. X(1 343
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Global Granger-causal Markov property et %

Results: A, B, C disjoint subsets of V
o Global Markov property:
AXyB|C = XallXg|Xc.

¢ Global Granger-causal Markov property:
If all paths 7 from A into B are blocked by C U B then

Xa = Xg [Xausuc]- path into B:
arrowhead at B

e Similar result for contemporaneous independence.

Example:

all paths from 1 into 4 are blocked by {3,4}

= Xj is Granger-noncausal for X4 w.r.t. X(1 343
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Systems with latent variables et %

Now suppose that Xy is potentially affected by latent variables.
Objective: find graphical representation of Granger-causal relationships

Problem: the class of Granger-causality graphs just introduced is not
sufficient
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Systems with latent variables et %

Now suppose that Xy is potentially affected by latent variables.
Objective: find graphical representation of Granger-causal relationships

Problem: the class of Granger-causality graphs just introduced is not
sufficient

Example:
(>~

"

all variables
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Systems with latent variables e %

Now suppose that Xy is potentially affected by latent variables.
Objective: find graphical representation of Granger-causal relationships

Problem: the class of Granger-causality graphs just introduced is not

sufficient
Example:
Ox Q @\®
@/ ® @L» ® ©
all variables three variables two variables
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Systems with latent variables et %

Now suppose that Xy is potentially affected by latent variables.
Objective: find graphical representation of Granger-causal relationships

Problem: the class of Granger-causality graphs just introduced is not

sufficient
Example:
Ox Q @\®
@/ ® @L» ® ©
all variables three variables two variables

spurious causality of type |
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Systems with latent variables nnersici Maastrcht {1y,

Graphical representation

Idea: Use new type of edges a --» b to represent spurious causality:

a<—UuU—b leadsto a--»b
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Systems with latent variables Universiei Maastrich %

Graphical representation

Idea: Use new type of edges a --» b to represent spurious causality:

a<—Uu—b leadsto a--»b and/or a<-b

and/or a---b

The combination of a --» b, a <-- b, and a --- b is abbreviated by a <-» b.
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Graphical representation

Idea: Use new type of edges a --» b to represent spurious causality:

a<—Uu—b leadsto a--»b and/or a<-b

and/or a---b

The combination of a --» b, a <-- b, and a --- b is abbreviated by a <-» b.

Extended definition of m-separation:
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Graphical representation

Idea: Use new type of edges a --» b to represent spurious causality:

a<—Uu—b leadsto a--»b and/or a<-b

and/or a---b

The combination of a --» b, a <-- b, and a --- b is abbreviated by a <-» b.

Extended definition of m-separation:

e non-collider:
— 0 — 0Of +— 0 —
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Systems with latent variables
Graphical representation

Universiteit Maastricht lD,
Idea: Use new type of edges a --» b to represent spurious causality:
a<~—u—b

leadsto a--» b and/or

a<-b
and/or a---b
The combination of a --» b, a <-- b, and a --- b is abbreviated by a <-» b
Extended definition of m-separation:
e non-collider:
— 0 —0r+— o0 —
e collider:
— 0 +—
e dashed edges:

--- and --» correspond to <

«4O>» <« F»r <

PENGE
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Graphical representation

Systems with latent variables Universiei Maastrich %

Idea: Use new type of edges a --» b to represent spurious causality:
a«+—u—b leadsto a--»b andlor a<-b

and/or a---b

The combination of a --» b, a <-- b, and a --- b is abbreviated by a <-» b.

Extended definition of m-separation:

e non-collider:
— 0 — 0Of +— 0 —

e collider:
— 0 +—

e dashed edges:
--- and --» correspond to <

Example:
e Collider --»c«+—,--»C -——, == C ——- , <—- C -—-»
e Non-collider +—n—, —n—, --»n —

«AO0>» «Fr«a=r¥vY0dm

1717132



Systems with latent variables Universiei Maastrich %

Marginalization

Graphical representation for Xs with S C V

For S = V\{c} we obtain the new Graph G©) with vertex set V\{c} by
e removing vertex c;
e removing all edges adjacent to c;
e adding edges e = a- - -b according to the following table

c---b

a---C| — — - 4=
— —
— D = S S
--» --5
<= <>
— --5

For C = {c1,...,Cn} we define recursively G(©) = (G{c--en-1})(n),

Result: If Xy is Granger-causal Markov w.r.t. G then Xs is Granger-causal
Markov w.r.t. GV\S),
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Marginalization

Result: Suppose
e Xy satisfies the Granger-causal Markov property w.r.t. G
e A, B, D are disjoint subsets of S
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Systems with latent variables Universiei Maastrich %

Marginalization

Result: Suppose
e Xy satisfies the Granger-causal Markov property w.r.t. G
e A, B, D are disjoint subsets of S

Then the following two statements are equivalent:
¢ in G all paths from A into B are blocked given D;
« in GV\9 all paths from A into B are blocked given D.
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Systems with latent variables Universiei Maastrich %

Marginalization

Result: Suppose
e Xy satisfies the Granger-causal Markov property w.r.t. G
e A, B, D are disjoint subsets of S

Then the following two statements are equivalent:
¢ in G all paths from A into B are blocked given D;
« in GV\9 all paths from A into B are blocked given D.

This means that the original graph G and the marginal graph G*%) encode

the same Granger-causal relationships for Xg
~+ no information about structure of Xs is lost.

Similar result holds for contemporaneous independence.
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M arkov eq u |Va|en Ce Universiteit Maastricht %

Let Xy be a multivariate time series possibly affected by latent variables.

Objective: Find graphical representation encoding the Granger-causality
relationships satisfied by Xy .
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Let Xy be a multivariate time series possibly affected by latent variables.

Objective: Find graphical representation encoding the Granger-causality
relationships satisfied by Xy .

Note: We do not know the full system - including latent variables.
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Let Xy be a multivariate time series possibly affected by latent variables.

Objective: Find graphical representation encoding the Granger-causality
relationships satisfied by Xy .

Note: We do not know the full system - including latent variables.
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M arkov eq u |Va|en Ce Universiteit Maastricht %

Let Xy be a multivariate time series possibly affected by latent variables.

Objective: Find graphical representation encoding the Granger-causality
relationships satisfied by Xy .

Note: We do not know the full system - including latent variables.
Problem: Graphical representation is not unique.

Example:

Graphs that encode the same set of relationships are said to be Markov
equivalent.
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Dynamic maximal ancestral graphs et %

Suitable subclass: dynamic Maximal Ancestral graphs (dMAGS)

e ifa— ---— binGthena--»bnotinG
e ifa— b and a --» b notin G then there exists S C V such that

Xa = Xp [Xs]
or there exist disjoint subsets S, S, withb € S; anda ¢ S; U S, such
that

Xa(t —K) L Xp(t + 1) | Xs, (t), Xs, (t — k), Xa(t —k — 1).
for allk € IN.
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Dynamic maximal ancestral graphs et %

Suitable subclass: dynamic Maximal Ancestral graphs (dMAGS)

e ifa— ---— binGthena--»bnotinG
e ifa— b and a --» b notin G then there exists S C V such that

Xa = Xp [Xs]

or there exist disjoint subsets S1, S, withb € S; anda ¢ S1 U S; such
that

Xa(t — k) 1L Xp(t + 1)|Ysl(t),Y52(t - k),Ya(t -k —1).
forallk € N.

1 2 3 4 1 2 3 4
O——>0"--0--->0 © o0—0--->0
1 2 3 4 1 2 3 4
O——Cf——"0---20 O——>=C——0--=0

~ — —
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Dynamic maximal ancestral graphs et %

Suitable subclass: dynamic Maximal Ancestral graphs (dMAGS)

e ifa— ---— binGthena--»bnotinG
e ifa— b and a --» b notin G then there exists S C V such that

Xa = Xp [Xs]

or there exist disjoint subsets S1, S, withb € S; anda ¢ S1 U S; such
that

Xa(t — k) 1L Xp(t + 1)|Ysl(t),Y52(t - k),Ya(t -k —1).
forallk € N.

1 2 3 4 1 2 3 4
O——>0"--0--->0 © o0—0--->0
1 2 3 4 1 2 3 4
O——Cf——"0---20 O——>=C——0--=0

~ — —

Properties:
e smaller Markov equivalence classes (still not unique)
e advantageous for inference
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Identification of causal structure e essan %

Objective:
Given a set of Granger-causal relationships for Xy identify the corresponding
Markov equivalence class of dMAGs.
Algorithm:
e Adjacencies:

e inserta — b whenever X, and X, are not contemporaneously
independent

e inserta -» b whenever X, Granger-causes X, w.r.t. Xs for all
S CV witha,b € S and

Xa(t — k) A Xo(t + 1) | Xs, (t), Xs, (t — k), Xa(t —k — 1)

forsome k € Nand all S;, S, withb € S;anda ¢ S, U S,.
¢ |dentification of tails:

o colliders

¢ non-colliders

e ancestors

« discriminating paths
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Identification of causal structure e essan %

Examples:

O—=0--~0 @@ =@
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Examples:

O—=0--~0 @-m @ = =0
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. Universiteit Maastrich
Interpretation . %

Question: What can we learn from the graphical analysis about the true
causal structure?

«AO0>» «Fr«a=r¥vY0dm 24132



. Universiteit Maastrich
Interpretation . %

Question: What can we learn from the graphical analysis about the true
causal structure?

e Causal Markov assumption:

all observed dependencies are due to causal influences; key assumption
underlying all approaches to causal inference from observational data
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Question: What can we learn from the graphical analysis about the true
causal structure?

e Causal Markov assumption:
all observed dependencies are due to causal influences; key assumption
underlying all approaches to causal inference from observational data

e Faithfulness assumption:

the independencies observed are structural and not due to several
influences exactly cancelling out (~+ spurious causality of type 1)
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Question: What can we learn from the graphical analysis about the true
causal structure?

e Causal Markov assumption:

all observed dependencies are due to causal influences; key assumption
underlying all approaches to causal inference from observational data

e Faithfulness assumption:

the independencies observed are structural and not due to several
influences exactly cancelling out (~+ spurious causality of type 1)

¢ Invariance of edges:

only edges that are invariant in the Markov equivalence class are
identified as

o causes if the edge is —;

e spurious causes if the edge is --».

«AO0>» «Fr«a=r¥vY0dm 24132
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Question: What can we learn from the graphical analysis about the true
causal structure?

e Causal Markov assumption:
all observed dependencies are due to causal influences; key assumption
underlying all approaches to causal inference from observational data

e Faithfulness assumption:
the independencies observed are structural and not due to several
influences exactly cancelling out (~+ spurious causality of type 1)

¢ Invariance of edges:

only edges that are invariant in the Markov equivalence class are
identified as

o causes if the edge is —;
e spurious causes if the edge is --».

e Ancestrality of graphs:

Directed edges cannot be interpreted as direct causes, but signify a
causal link.
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Modelling latent variable structures

Universiteit Maastricht lD,

Extension of the VAR( p) model:

e Xy(t) stationary process given by
p
Xv(t :Z‘b Xv(t—k)—|—€v(t)
k=1

* ey(t) stationary Gaussian process with E(ey(t)) = 0 and

©) = {Q(k) if k| <q

cov t+Kk)ev(t
(5\/( +K).ev 0 otherwise

e Model parameters:

¢ =vec(d(1),...,0(k)) and  w=(Q(u)j<i,|ul<q)
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Modelling latent variable structures et %

Extension of the VAR( p) model:

e Xy(t) stationary process given by
p
Xv(t :Z‘b Xv(t—k)—|—€v(t)
k=1

* ey(t) stationary Gaussian process with E(ey(t)) = 0 and

©) = {Q(k) if k| <q

cov t+k),ev(t)) =
(ev( +K).ev 0 otherwise
e Model parameters:
¢=vec(®(1),..., (k) and  w= (Q(u).j <i,|ul <q)
Relation to VARMA models:

This is equivalent to a VARMA(p,q) model with parameter constraints
encoded by G.

«AO0>» «Fr«a=r¥vY0dm 25732



Modelling latent variable structures e %

Graphical restrictions:

G = (V, E) mixed graph (edge types —, ---, --»)
o j—i¢E = ¢5(k)=0,k=1,...,p
ei-——j¢E = Q;(0)=0
ei-—»j¢E = Qik)=0,k=1,...,p
ei«-j¢E = Qj(k)=0,k=-1,...,—p

Then Xy satisfies the global Granger-causal Markov property with respect to G.

«Or»«Fr«=r¥vHaCm 26132



Modelling latent variable structures et %

Graphical restrictions:

G = (V, E) mixed graph (edge types —, -—-, --»)
ej—i¢E = oj(k)=0,k=1,...,p
ei-—-j¢E = Q;(0)=0
ei-»j¢E = Qik)=0k=1,...,p
ei«-j¢E = Qj(k)=0,k=-1,...,—p
Then Xy satisfies the global Granger-causal Markov property with respect to G.
Identifiability:
The parameters are identifiable if the graph G is ancestral, that is,

i --»j ¢ E wheneveri — ... —jinG
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| nfe re n Ce Universiteit Maastricht %

Likelihood inference
e Exact likelihood function: problems due to autoregressive part
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Likelihood inference
e Exact likelihood function: problems due to autoregressive part
e Conditional likelihood function: problems due to dependence of £(t)
o Whittle likelihood: Ignores edge effects ~» no problems
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| n fe re n Ce Universiteit Maastricht %

Likelihood inference
e Exact likelihood function: problems due to autoregressive part
e Conditional likelihood function: problems due to dependence of £(t)
o Whittle likelihood: Ignores edge effects ~» no problems

Whittle likelihood:

2D(6,w) = %/ﬂ{logdetgw(k)—&—tr [o(e T ()9(e™) gu(3) 1 b
where
Oz)=1-01)z—...— ®(p)Zz°
1 .
” )\ - = Q —iAu
9 (A) = 5~ 2= (u)e
ol = (22T) V() (=AY

Ty — —iat
x (A —;X(t)e
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| nfe re n Ce Universiteit Maastricht %

Likelihood equations:
ei,jeV,j—icE,h=1,...,p

/n 9. () Fo(e ™M (V)] e dA =0
ei,jeV,i-—-j€eE

[ 1807 = ) oe D (0L 9., dr =0
eijeV,j-»icE,h=1,...p

/n 0o ()7 = g (V) Te(e M () P(e™) 9. (V) T e dA =0
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| nfe re n Ce Universiteit Maastricht %

Solution to the first equations (for  w fixed):

T vec/ e’ ©gu(N) NG (N)dA = 7r¢/ E@I(\) @gu(A) tdAmg - ¢
n n

where
e T, is the projection onto the restricted parameter space for ¢
e e=(e” ... ey
e E=¢e.¢
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| nfe re n Ce Universiteit Maastricht %

Solution to the first equations (for  w fixed):

T vec/ e’ ©gu(N) NG (N)dA = 7r¢/ E@I(\) @gu(A) tdAmg - ¢
n n

where
e T, is the projection onto the restricted parameter space for ¢
e e=(e” ... ey
e E=¢e.¢

Solution to the remaining equations (for ¢ fixed):
Anderson’s method (T.W. Anderson, 1973): lterate

-1

1 _ _
A = [r 52 [ (E 9000 @00 dr-m]

T, VEC [ / e'®gw(r)(A)’%(e’”)lf&)()\)d)(e“)’gw(r)(A)’ldA].
n
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Summary

Granger causality graphs

Universiteit Maastricht lD,

e encode (global) Granger noncausality relations
e convenient framework for discussing spurious causality in
higher-dimensional time series

Latent variable structures

e cannot be encoded completely by simple Granger causality graphs
--5)

e can be represented by an extended version of these graphs (with edges

e identification only possible up to Markov equivalence
Extension of VAR(p) models

e model latent variable structures by lagged covariances of error process

e correspond to VARMA models with nonlinear constraints on parameters

«O» «Fr <

can be fitted iteratively based on Whittle likelihood

PENGE
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