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Notation

K is a valued field

K*° its valuation ring

K°° its maximal ideal

K = K°/K® its residue field.

| - | is the norm,

| - || the corresponding gauss-norm.

Tu(K) = K(€) = {3 a,6"  |a,| — 0 as |u| — oo}

is the ring of strictly convergent powerseries. For
K complete they define analytic functions
(K°)" — K.



Background

eAX-Kochen, and later Macintyre, studied the valued fields
Q, and F,((t)) in the algebraic language £ = (+,-,71,...).
The “uniformity” result is [[Qp/U = [[Fp((t))/U.

eDenef and van den Dries extended Q.E. to Q, in an analytic
language with function symbols for the elements of T7,,(Q)).

The ring of functions depends on p.

evan den Dries, 1992: Consider T,(Z[[t]]) = Z[[t]]{£) =

{>_aut": Z[[t]] 3 ay — 0 t-adically as |u| — oo}.

Under the mappings t — p and t — t we have homomor-

phisms

To(ZI[[E]]) = T(Qp)  and  To(Z[[t]]) — Tu(Fp((£))),

so the elements of T,(Z[[t]]) naturally define functions on
all the Qp and F,((¢))°. Enrich the language £ with symbols
for these functions and get L£,, and an analytic Ax-Kochen

theorem

[T@/u = TF(@)/u.

in Lan.



el he Q.E. and other results of Denef-van den Dries for
Qp can be carried over to (complete) algebraically closed
valued fields, e.g. K = C,. Here the appropriate rings of

analytic functions are the rings of separated power series
Sman(K) = BE[lo]].
B

B € {subrings of K° generated by null-sequences}.
The & vary over K° and the p; vary over K°°.

eFor results uniform in p (Robinson, L) one uses

Sm.n(Z[[t]]) = Z[[t]]) [[p]]-

evan den Dries, Haskell, Macpherson studied the model
theory of nonstandard models of Th(Q,) in the analytic
language for Q, i.e. the language with symbols for the
elements of 7,,(Q,). Crucial is the understanding of one-

variable terms with parameters in an arbitrary model.



o(Cluckers, Robinson, L) considerably extended the notion
of fields with analytic structure to prove a Denef-Pas type
cell decomposition in this context and give uniformity re-

sults for analytic motivic integrals.

E is any noetherian ring complete and separated in its I—
adic topology. I is a arbitrary nontrivial ideal of E. The

“ring of analytic functions” is

Sma(E£) = E{§)[[p]].

The analytic structure on a valued field K is given by ho-

momorphisms

E(&)[[p]] — functions ((K°)™ x (K*°)" — K°).

e T he algebra and model theory of this situation has been

further developed by Celikler.



eKey machinery

(i) Two notions of regularity and corresponding Weierstrass
Preparation and Division Theorems in the two Kinds of vari-
ables:

[lower powers of &,,] + &5, + [higher powers of &,,]

I-l<1 -1l <1

[lower powers of p,] + p; + [higher powers of p,]

-1l <1 <1

(ii) Noetherianness is used to see that for

Za,ul/flupy S E(f)[[p]]

the “dominant” coefficient is always among a finite number
of the a ..



Indeed we get the Strong Noetherian Property.

Let f € Antmnsn and write f = 3, T (€ p) () ()
where the f,, € Amn. There is a finite set J C N™*" and
units of the form 1 + g, with g, € A? such that

m—+m/,n+n'’

F= Y Ful&p)EE) 1+ gu).

(mv)ed



A is an arbitrary ring and I is an ideal of A. A = A/l A
separated Weierstrass system is a system A = {A,, n}mnen

of A-algebras A,, ., satisfying, for all m < m’ and n < n/,
(i) Aoo = A,

(i) Amn C A[[E, pll,

(i) Ammnl", "] C Apr i,

(V) Amn C AN,

(V) if f € Amtmintn, SAY f =3, Fu (&))", then
the f,, are in A,

(vi) the two Weierstrass Division Theorems hold,

(vii) a weak technical condition saying roughly that one
has the strong noetherian property for >a,.£"p" € Amn.
From this together with (vi) we get a “piecewise” Strong
Noetherian Property.



Let A= {A,,} be a separated Weierstrass system, and let
K be a valued field. A separated analytic A-structure on
K is a collection of homomorphisms {om n}mnen, such that,
for each m,n > 0,

Omm @ Amn — functions ((K°)™ x (K*°)" — K°)

and such that:

(1) oo0(1) C (K*°),

(2) omn(&) = the i-th coordinate function on (K°)™ x
(K°°)™, i« = 1,...,m, and opn(p;) = the (m + j)-th
coordinate function on (K°)™ x (K°°)*, 4 = 1,...,n,
and

(3) omn+1 extends omn,, Where we identify in the obvi-
ous way functions on (K°)™ x (K°°)"™ with functions
on (K°)™ x (K°°)"*t! that do not depend on the last

coordinate, and oy,41,, extends oy, , Similarly.



e The language of fields with A—analytic structure is L4,
the language of valued fields with function symbols for the

elements of | J Amn.

e If we want to consider fields with strictly convergent an-
alytic structure we (roughly speaking) omit the variables
of the second kind (p), require the valuation ring to have a

prime, and choose an element © € I to denote the prime.



Examples

1. Amn = Sma(Z[[t]]) = Z[[¢]1€) [[o]]-

or Apmn = UkZ[%][[t]](g)[[p]] if we are only interested in mod-
els of equicharacteristic O, for examples ultraproducts of the

Qp.

2. A, = Zy(&) if we are interested in fields elementarily

equivalent to QQ, in the analytic language.

3. Amn = Smn(K)
Here A = K° and I = K°°. If K is not discretely valued

then A is not I—adically separated.

4. Let K be maximally complete. We can take A,,, =
Ug B(§)[[p]]l, where B varies over all subsets of K° with

well-ordered support.
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5. F trivially valued and A,,, = F[¢][[p]]-

6. Overconvergent powerseries.
The Xa,E"p” € Smn(K) such that for some v > 1 we
have |au| <~y or [v] > (v — 1)]ul.

7. A=J,Z[[t1,...,tg]], which is not noetherian,

I = (t1,t2,...), so A is not [—adically complete, and

Am,n — Uk Z[[tla - ;tk]]<£>[[p]]

8. There are many examples of countable Weierstrass

systems.
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9. The Algebraic Case. The theory of henselian valued
fields in the usual algebraic language is also included in our

formalism:

Every henselian field K carries a (uniformly existentially de-
finable) separated analytic structure.

Let R C K° be an excellent DVR, R the completion of R,
and Ap,n, = Sma(R)ag, the algebraic closure of R[¢,p] in
Sm,n(f{) = fﬂ(@[[p]]. Then A= {A,,,} is a separated Weier-
strass system, and the functions (K°)™ x (K°°)" — K° nat-
urally represented by the powerseries in A,,, are uniformly
existentially definable in the algebraic language.

The proof is fairly complicated, using the machinery of
Artin Approximation
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Elementary Properties

Let A be a Weierstrass system and let K have A—analytic

structure. Then:

e K is henselian.

e The analytic functions on K° are closed under (meaning-

ful) compositions.

e T he A—analytic structure extends naturally to any finite
algebraic extension of K, hence also to K, the algebraic

closure of K.

e If K is p—adic, or algebraically closed, then we have QE

in L4.
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e (Extension of parameters) For f € A 4m n+n WE Can write
F=> Fu&,0)ep
j%

where the TW are in Ay, Then for

ae (K)", be (K™,
we have

S F (@ b)erp € KO[lg, pl]

j %
and

O-m—l—m’,n—i—n’(f)(aa 6757 p) : (Ko)m X (Koo)n — K°

Define Ay n(K) =
{f(gaaa p,E) : f S AAm—i—TrL’,n—l—n’aa S (Ko)mlag S (Koo)n/}-
Then {A,,,(K)} is a Weierstrass system and K has

{Amn(K)}—analytic structure. (This property was lacking

in previous formalisms).
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Advanced Properties
e One variable terms
Let K be a Henselian valued field.

(a) A K-annulus formula is a formula ¢ of the form

L

Ipo(z)|Uoeo A /\ eilldi|pi(x)],
i=1

where the p;, € K°[x] are monic and irreducible, the ¢; €

VK \ {0} and the OJ; € {<, <}. Define [J; by {(0;,[0;} = {<
,<}. We require further that the sets

H; = {ZU c Kalg : |pz($)|ﬁz€z}, 1=1,...,L,

be disjoint and contained in {x € Ky, : |po(x)|Uoeo}-

(b) The corresponding K-annulus is

U, = {x € Kalg : w(x)}

(If K1 D Kgy is a field then ¢ also defines a subset of Kjy).
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(c) A K-annulus formula ¢ and the K-annulus U, are called

linear if the p; are all linear and the ¢; € |K|\ {0}.

(d) A K-annulus fomula ¢ and the K-annulus U, are called

closed (resp. open) if all the [J; are < (resp. <).

(e) A K-annulus formula is called good if the p; are of low-
est possible degrees among all K-annulus formulas defining

the same K-annulus.



Rings of analytic functions. Let K have separated ana-
lytic A-structure, and let ¢ be a K-annulus formula. Define
the corresponding generalized rings of fractions over K°,

resp. K, by
Ok (@) = Apt1.0(K)/(py(x)—aozo, p(x)21—a1,...,p(x)z—ar),
and

OL(¢) == K @r- O (),

where a; € K°, |a;] =&, m4+n=L+1, {20,...,2.} is the
1

set {&2,...,&mn+1,P1,---,pnt and x is & and z; is a £ or p
variable depending, respectively, on whether [, is < or <.

By Weierstrass Division, each f € (’)}((go) defines a function
U, — Kgqg4 via the analytic structure on K,,. Denote this
function by f?. Let O%(y) be the image of O];((go) under
f — f? and call O%(y) the ring of analytic functions on

Uk ().
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Mittag-Leffler Decomposition. Let
@ = Ipo(z)|Hoeo A /\ eillilpi(2)]
=1
be a good K-annulus formula and let f € O}((go). Then,

if f7 % 0, there exist a monic polynomial P(x) with zeros

only in Uy, integers n; and a strong unit E € O}{(go) such
that

17 =P ][ @)™ E°. (1)
i=1

P, E and the n; are uniquely determined by f (and ¢).
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The following Theorem is what we need for model-theoretic

applications.

Theorem Let K be a valued field with separated analytic
A-structure, and let CA(K) be the language of valued fields,
(0,1,4, -, (.)—17 E
all the elements of Um,n Ann(K). (We extend functions
f € Ann(K) by zero outside (K°)™ x (K°°)™). Let z be one

variable, and let T(x) be a term of L 4. There is a finite

), augmented with function symbols for

set S C K, and a finite cover of K, by K-annuli U; such
that for each ¢ there is rational function R; € K(x) and a
strong unit E; € O (U;) with

T|Ui\S — RZ : Efluz\s

i.,e. T and R-E; define the same function on U;\ S. Observe
that K., also has analytic A(K)-structure, T is also a term

of L o(k,,) and hence defines a function K — Kayq.
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Let Hen be the collection of all Henselian valued fields of
characteristic zero (hence mixed characteristic and equichar-

acteristic zero fields are included).

For K in Hen, write K° for the valuation ring, g for the
value group, ord : K* — [k for the (additively written)
valuation, K°° for the maximal ideal of K°, and K for the

residue field.

For any integer n > 0, write
rop K — K*/1 4+ nK®

for the natural group morphism, with nK°° = {nm | m €
K°°}, and extend it to a map rv, : K — (K*/14+nK°)U{0}
by sending zero to zero. Write RV, or RV,(K), for (K*/1+
nK°°)U{0} for integers n > 0. Write also ord for the natural
maps ord : K*/1 +nK°® — k. We sometimes abbreviate
rvi; to rv and RV; to RV. Note that in equicharacteristic

zero the RV, all are the same as RVj.

The sorts RV and RV, are called auxiliary. The valued field
sort is the main sort. There are no other sorts. We write

Val for the valued field sort.
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Let Lyen be the language of rings (4, —, -, 0, 1) for the valued
field sort, together with function symbols rv, for all n > 0,
and the inclusion language on the auxiliary sorts. Let 7xen
be the theory of all fields in Hen in the language Lyen.

Let A= {A,,} be a separated Weierstrass system. Define
Luen, 4 as the language Lnyen together with function sym-
bols for all the elements of Um,n Amn, With the field inverse
(:)~! on the valued field sort extended by 0-! = 0, and to-
gether with the induced language on the sorts RV,.. The
analytic function symbols are interpreted as zero outside
their natural domains of products of the valuation ring and
the maximal ideal. On their natural domains, they are in-

terpreted via an analytic A-structure.

Let 7xen, 4 be the Lyen, a-theory of all Henselian valued fields
in Hen with analytic A-structure.

(Likewise, one can give definitions of analytic languages
and analytic theories arising from strictly convergent Weier-

strass systems and strictly convergent analytic structures.)
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Theorem (b-minimality, Char(K) =0) Let A= {An..} be
a separated Weierstrass system. The theory Tyen 4 e€limi-
nates valued field quantifiers, is b-minimal with centers and
preserves all balls. Moreover, Tuen, 4 has the Jacobian prop-
erty.

Define L}, 4 as the language Lyen, 4 together with all the

functions A, .

Theorem (Term structure, Char(K)=0) Let K be a
Then, a-model. Let X C K™ be definable and let f : X — K
be a Luyen, a(A)-definable function for some set of param-
eters A. Then there exists a Luen, 4A(A)-definable function

g:. X — S with S auxiliary such that

fz) = t(z, g(x))

for each x € X and where t is a L., 4(A)-term.
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