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@ Somos/Gale-Robinson recurrences
@ History (Laurentness, cluster algebras, Bethe ansatz, QRT, dimers...)
@ Prehistory (elliptic divisibility sequences)
@ Analytic solution of Somos-4

© Discrete KP (Hirota-Miwa, octahedron) equation
@ Plane wave reductions (4 gauge) and reduced Lax pair
@ Cluster structure: T-systems
o (Pre)symplectic structure & Poisson brackets
@ Liouville integrability: U-systems
@ Application: travelling waves of discrete KdV

© Discrete BKP (Miwa, cube) equation
@ Analytic solution of general Somos-6
@ Solution of the initial value problem: Lax pair and Prym variety
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Somos ('80s) noticed that, choosing six initial 1s, the recurrence
Tpi6Th = A Tpi5Toil + BTntaTora + 7 Tass
with coefficients oo = 8 =+ = 1 produces the sequence
1,1,1,1,1,1,3,5,9,23,75,421,1103,5047,41783, 281527, . ..

(A006722 in Sloane's). The key observation was the Laurent property, i.e.

TnEZ[TO S T5 o, B,7] Vn e Z.

This property holds for order kK < 7 only in

Lk/2]
Somos — k : TntkTh = Z O Tpgk—jTntjs
j=1

if all coefficients o are non-zero.
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Prehistory: elliptic divisibility sequences (EDS)

A special case of Somos-4:
_ 2 2
Tnt4Tn = (T2) " Tr+3Tn+1 — T3T1(Thr2)"
EDS (Ward): choose 11 = 1, T, T3, T4 € Z, with T2|T4. Then

T, € Z with 7T,|t, whenever n|m.

Term T, <> n- P € E, elliptic curve (cf. division polynomials)
Generate large primes (Chudnovskyx2) ...

... but only finitely many (Everest-Miller-Stephens)

Hilbert's 10th problem undecidable over Z[S™1] (Poonen)
Cryptographic applications (Shipsey, Swart, Stange)
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Analytic solution of Somos-4

For the general Somos-4 recurrence,
2
Tn+d4Tp = QA Tpy3Tpt1 + /B (Tn+2) 5

the solution of the initial value problem has the form

for suitable A, B € C*, vy, v € C mod A, where o(z; \) denotes the
Weierstrass sigma-function associated with the elliptic curve

E: y? =4x> — gox — g3
that is birationally equivalent to the biquadratic defined by

g

« « . Tnao T
H=uun+—+—+ , with UH—M
uo

u tboln B (Tn+1)2'
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Analytic solution of Somos-4 (continued)

Main idea: 2D symplectic map for u,, with first integral H.
Explicit formulae:

H* — 88H? — 24a°H + 1632

HY — 128H* — 3602 H3 + 4882 H? + 14402 8H + 216a* — 6433
83 = — 3 ’
216c
H? /4 —
veCmodA <« </36,\/a) € E.
o

Example: Sequence of points Py + n- P € E corresponding to
1,1,1,1,2,3,7,23,59,314,1529,8209,83313,... (A006720in OEIS)

has vp ¢+ Py = (—1,1), v P=(1,1) on E : y? = 4x3 —4x + 1.
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Discrete KP equation

Partial difference equation in three independent variables (n1, np, n3):
TiT1=ToT >+ T3T_3.
Notation: T = T(ny, n, n3) with Tyq = T(n1 =1, np, n3) etc.
@ Integrability (Lax pair, solitons, algebro-geometric solutions)

@ Laurent property (Fomin & Zelevinsky)
o Cluster structure (Di Francesco & Kedem, Okubo)
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Plane wave solutions

Consider plane wave reductions with a quadratic exponential gauge:

2 2 2
T(n1,n,n3) = afl 232323 7(n),

where distinct d; (either all integer or all half-integer) are chosen such that
n=ng + d1n + dany + d3n3, 01 > max(52,53).
Set a = a3/a2, B = a3/a?, and 7, = 7(n), to find
Tnt61Tn—61 = O Tnts,Tn—6, + B Tnt63Tn—s3>

which is a 3-term Gale-Robinson/Somos type recurrence, with vanishing
algebraic entropy (Mase).

Example: (01,4d2,03) = (2,1,0) gives Somos-4:

2
TntaTn = O Tp3Tne1 + B Thyo-
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Reductions of discrete KP Lax pair

Scalar linear system for W = W(ny, ny, n3):

V_ 1,4+ FVy 3 = V, with F=T_13T,_3/(TT-12);
GVio+Vo3 = VY, with G=T_3 T1,2/(TT2,3)'

Compatibility condition:
Ri,—3 =R, R=(T1iT-1— T3T_3)/(T2T-2).

Now set W(ny, np, n3) = A{*AJ2A3¢(n), and apply the plane wave
reduction, taking ¢ = M A7L, € = (a2A122)7 1, A3 = a3\ to find

¢n—|—51—62 - Xn ¢n+51—53 = <¢n7
Yn ¢I1+51+52 + BC ¢n+62+63 = §¢n7

with X, = Tny26, 28 Tn81— 65/ (Tn28,—5,—65Tnt6,-55), and
Yn = Tnt26,+6,—65Tn/ (Tn+26,—6,—55Tn+6,—85 ), Which is a scalar Lax pair
with two spectral parameters (, &.
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Reductions of discrete KP Lax pair (continued)

Extra freedom: The coefficient o does not appear in the scalar Lax pair

¢n+61—52 — Xn ¢n+51—53 = (én,
Yn ¢n+61+62 + 5< ¢n+52+53 = £¢n

The general compatibility condition has a periodic coefficient:
Tn+61Tn—861 — ®n Tn+8,Tn—6, + 67n+637-n—637 Qpts—63 = Un,

The scalar Lax pair is equivalent to a matrix linear system of size
K= max((51 — 02,01 — (53), of the form

La(C) @, = Py, ®,11 = M,(C) P,
This yields the discrete Lax equation
Lh+1Mp =ML,
preserving the spectral curve

P(¢,§) = det(Ln(¢) —£1) = 0.
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Cluster algebras

Somos/Gale-Robinson recurrences are a special case of T-systems, which
arise from mutations in a cluster algebra, defined as follows:-

Quiver Q (no 1- or 2-cycles) <> B = (bj;) € Mat,(Z), skew-symmetric.
Matrix mutation: B +— B’ = i B = (b},), where

by = —bje, J=k or L=k
J bje + [—bjl+be + bjk[bke]l+  otherwise,

with [b]; = max(b,0). Cluster mutation: x = (xj) — X' = px(x) = (x}),

where xi = x; for j # k and

r r
b —b;
Xp X = | |XJ[ il | | |XJ[ il
Jj=1

J=1

The (coefficient-free) cluster algebra A(x, B) is the Z-algebra generated by
the cluster variables produced by all possible mutations of the initial x.
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Cluster algebras with periodicity

In special cases, the action of a sequence of matrix mutations is equivalent
to a permutation. For p:(1,2,3,...,r) — (r,1,2,...,r — 1), the case
pu1B = pB (period 1) was completely classified by Fordy & Marsh: the
entries of B must satisfy b; , = by j1 and

bjy1,k+1 = bjk+b1jr1[—b1ky1]+ —brky1[—brji1]+, 1<j,k<r—1.

1

Then the cluster map ¢ = p~" - p1 is equivalent to iterating the recurrence

[b1,j+1]+ [—b1 1]+
saiexn = | [ ™" + H Sl

which has palindromic exponents, and preserves the presymplectic form

w = Z bji dlog x; A d log x.
Jj<k
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Symplectic form and U-system

For w € kerB, A\ € C* consider the scaling action

x — A ox= (W), x' =[x — Ab
J

So Q" = imB @ kerB = basis of imB provides full set of invariants
1
u=(ug,...,uwmn), m= ErkB,
and ¢ projects down to a symplectic map ¢ for u, with

. - _ _ B o
w:;bjkdloguj-/\dloguk, M- TBM 1:<0 0).
J

Furthermore, can always choose M with a “palindromic basis” for imB so
the map ¢ can be written as a recurrence, called the U-system.

Example: un+2u§+1un = apy1 + B is the U-system for Somos-4.

Andrew Hone (LMS Durham Symposium) Somos sequences Tuesday 2nd August 2016 13 /26



Liouville integrability of U-systems

Conjecture: The U-systems obtained from the plane wave reductions of
the discrete Hirota equation are integrable in the Liouville sense.

This is easy to verify in low dimensions, by checking directly that the
coefficients of the spectral curve are in involution with respect to the

log-canonical Poisson bracket given by the Toeplitz matrix C = B~!.

Various examples: Lyness maps, discrete reductions of modified
Bogoyavlensky lattices, DTKQ systems,...

Main example: Two-parameter family associated with reductions of the
discrete KdV lattice, corresponding to
1
M—=N|].
)

1 1
(51a52a63) = <N + §M7 EMa

1 1 1
N— 2M‘> or <M—|— EN,iN,
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Reductions of discrete KdV

The version of the discrete KdV equation due to Hirota can be written

1 1
Vitlk+1 — Vjik = @ - :
Vitl,k  Vjik+1

Taking vjx — v, n = Nj + Mk yields the (M, —N)-reduction

1 1
Vn+-M+N — Vo = & - .
Vn+N Vh+M

Henceforth assume N > M, ged(M, N) = 1. Hirota's tau-function gives

_ TnTn+N+M

Vn -

Tn4+MTn+N

leading to a trilinear form which integrates in two different ways to produce
Th+2N+MTn = —ATp42NTp+M ‘{: Bn Tn+N+MTn+N,
Tn2M+NTn = O Tpi2MTh+N + ﬁn Tn+N+MTn+M;

where /BnJrI\/I - ,Bn, BnJrN - Bn-
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Bi-Hamiltonian structures: example (2,3)

Example: Setting (M, N) = (2,3) and dropping n, the first bilinear
equation is a Somos-8,

T8To = —QTeT2 + PoTs573, Bnt2 = Bn.

The exchange matrix is

001 -1 0 -1 1 0
00 1 -1 0 -1 1
o0 1 1 0 0 -1
o 1 1 -1 0
B= o 1 1 -1}’
* 0 0 1
0 0
0

and its rows are spanned by the palindromic basis given by
(1,-1,0,—1,1,0,0,0) and its three shifts.
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Bi-Hamiltonian structures: example (2,3) (continued)

: : . TTe
The symplectic coordinates are u; = = 0,1,2,3.

1st U — system : ugustpuiug = —ap + Bo,  Bpy2 = Bn,

with the Poisson bracket in 4D being

{uj,uppithr =0, {uj, uiro b = yjujo,  {uj, Ujirsh = —ujujts.

For the dKdV map

_ _ . 7075
vs — vp = vz 1 vy 1)7 with vy = pp
273

we have

Vo = Uolu1, Vi = uilp, Vo = Upu3, V3 = , Va
g uy up ujpuzus

Andrew Hone (LMS Durham Symposium) Somos sequences Tuesday 2nd August 2016

Bo — auun , _ Br—au

17 / 26



Bi-Hamiltonian structures: example (2,3) (continued)

Thus the log-canonical bracket for u; lifts to

{vo,vi}1 = wov1,{wo, vo}1 = vovo, {w, v3}1 = —wovz—a, {vo, va}1 = —vova4.

- . . . ~ T T
The second bilinear equation is a Somos-7, which for i; = ﬁ leads to
J J

2nd U — system : fig i3 03t lio = Polio + @, Btz = B,

and the bracket {, }» for d; in 4D has the same coefficients as that for u;.
From v; = i;iij 1012 the lift of this bracket gives

{vo,vi}2 = wwn, {vo, o}2 = ww —aq,

{wo,v3}2 = —wwz—a, {w,wul = —V0V4+%2§-

These two brackets for the dKdV reduction are compatible; the difference
{,}1 — {, }2 comes from a Lagrangian structure (Tran).
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Bi-Hamiltonian structures: general case

For general coprime (M, N), tkB = 2 | M+M=1| "and the two U-systems of
corresponding dimension preserve the same log-canonical Poisson bracket.
In particular, when N + M is odd the bracket has the form

{Uj, Uk} = Ck—j UjlUy, Ck = —Ck,

where the coeffients ¢, for k =1,..., N+ M — 2 satisfy

Ck = —CN+M—k; 2§ kS (N+M—1)/2,
ck = Ckn—M, O0<k<SM-—2,
Ck = Ck42M, 1§k§(N—M—1)/2.

The solution for ¢, lies in a tableau built from r = ﬁ mod N + M.

Conclusion: Compatibility of the lifted brackets {, }12 proves Liouville
integrability of both the dKdV reductions and the pair of U-systems.
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Analytic solution of Somos-6

Theorem [H] For arbitrary A, B,C € C*, vg € C? mod A, the sequence

10(vo + nv)
o(v)m

associated with a genus 2 curve X satisfies Somos-6 with coefficients

T, = AB"C™

o o?(3v)Ct0 A 5= o?(3v)Cte 5
~ 02(2v)ol0(v) - ol8(v) 7
o?(3v)Ct8 . A
EOR (@11(3V) — dp11(2v) — ﬂ@ll(v)> ;
. 9203v) —pn(v)  »  ©2(2v) — pn(3v) .
o = ; - =1- «,
022(2v) — p22(v) 022(2v) — 22(v)
provided that v € Jac(X) satisfies the constraint
1 1 1

det [ p12(v) @12(2v) @12(3v) | =0.
p22(v)  ©22(2v)  22(3v)

Andrew Hone (LMS Durham Symposium) Somos sequences Tuesday 2nd August 2016 20 /



Solution of the initial value problem for Somos-6

Question: Given initial data 7o, ..., Ts and coefficients «, 3, for
Somos-6, how to reconstruct parameters A, B, C and genus 2 curve

X : 72 = 455 4 ¢4t + C3s3 + 5%+ s+ o,

with vectors vg, v € Jac(X) such that v satisfies the constraint?
Idea: Consider map in 4D satisfied by u, = Tp12Tn/(Ths1)>.
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Reduction of discrete BKP

Bilinear form of discrete BKP:

Ti3T — T1 T3+ ToT31 — T3T12 =0.

Plane wave reduction with quadratic gauge:

T(m, m,n3) = 0R™6BMEM™ 1, =y +2m+3n3, 0y =, /—%.

Reduction of the discrete BKP scalar Lax triad gives a Lax pair with
Aox?® + Arx  Ahx® 4+ Aix  Alx + Af

L(X): X—|—)\ X—|—)\ X+)\
B> x? + Byx Bix B x+ By |’

Gx?2+ Cx Cx®+Cx C'x+ ¢

where x is a spectral parameter and A;, B; etc. are rational functions of

)= 518 _ a8 ___%p 01y

_ , I —
UnlUny1 UnUnpy1Uny2
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Discrete Lax equation and spectral curve

The second half of the Lax pair is

—1 1 0
M(x) = Ri —-X-1 1 3 ,
0 0 (APoR1Ry +1)x  —PyR;

. RiR : . .
with det M(x) = ’1?22 x, and the discrete Lax equation LM = ML is
0
equivalent to the reduced Somos-6 map in 4D:
A 2 3 2 _ 2
® - Unt4q Upi3 UpiolUpyiy Un = Qlny3 Upyo Untl + /3 Uny2 + 7,

The spectral curve
S: det(L(x) —y1) =0

provides two independent first integrals of the map, denoted Ki, K.
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Spectral curve: Jacobian and Prym variety

The curve S has genus 4 and is given by

(x+N) Y3+ (x Ki4+p4+x2 K2) y? = (ux* + Ki X3+ X% Ko) y = Ax* —x3 = 0.

It has the involution ¢ : (x,y) — (1/x,1/y) with two fixed points (£1,1).

Oy = (=), 00)
01 = (0,—p/)

0 =(0,0) O1 = (00, =M p)
0, = <_1//\v U)

The quotient C = S/¢ has genus 2, and Jac(S) is isogenous to
Jac(C) x Prym(S, ), where Prym(S, 1) = im(1 — ¢) = ker(1 + ¢)°.
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Solving the initial value problem from the spectral data

Theorem: [H & Fedorov] A generic complex invariant manifold
Ik = {K1 = const, Ky = const} for the reduced Somos-6 map ¢ is
isomorphic to Prym(S,¢) = Jac(X) for a genus 2 curve X.

e Prym(S, ) is isomorphic to a 2D Jacobian (Mumford, Dalaljan).

o Effective description of 2-fold branched coverings of hyperelliptic
curves (Levin).

@ Isospectral manifold for Lax matrix L(x) is isomorphic to Zg.

@ The eigenvector bundle for L(x)1 = y1 defines a point in Jac(S).

e 1) = M(x) shifts by the divisor V = O — O, and (V) = —V.
Now V corresponds to a vector v € Jac(X), and from O; — O; = 2V,

Oy — O, = 3V one sees that v satisfies the constraint. Hence vp and the
other parameters in the solution are recovered from the initial data.
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Classical Somos-6 sequence

For the original Somos-6 sequence,
(t0,-..,75) =(1,1,1,3,5,9), a=1, B=1, v =1,
one finds
A=, w=—I, Ki =19, Ky = 14i.

This yields the genus 2 curve

X : 2% = 4s° — 233s* 4 162453 — 4225% + 365 — 1,
and one has the constant C = i/4/20 and a pair of divisors on X,

D = (s1,21) + (82, 22) — 200, Do = (5{0), z}o)) + (séo), zéo)) — 200

where
s1p=-8+V65  z=20i(129 F 16V65),

s =5+2v6, 2% =4i(71+29V6),

corresponding to v, vg respectively.
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