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Introduction

• Ward chiral model (1988, J.Math.Phys.):

∂t(J
−1∂tJ)−∂x(J−1∂xJ)−∂y (J−1∂yJ)−[J−1∂tJ , J

−1∂yJ] = 0,

where J : R2,1 −→ U(N).

xµ = (x , y , t) ∈ R3, η = −dt2 + dx2 + dy2

• Integrable:
I Time-dependent multi-soliton solutions

(Ward, Ioannidou, Zakrzewski, Manton)
I Bäcklund transformations

(Ioannidou & Zakrzewski, Dai & Terng)

• SO(1, 1) invariant, with conserved energy functional

• Ioannidou & Manton (2005): total energy of a time-
dependent SU(2) 2-uniton is quantised. (units of 8π)
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Uniton solutions
• n - uniton

J(x , y , t) = M1M2 . . .Mn, where Mk = 1−
(

1− µ
µ̄

)
Rk

µ ∈ C\R, Rk =
q∗k ⊗ qk
||qk ||2

, qk ∈ CN

• 2 - uniton: SU(2), µ = i (Ward 1995)

q1 = (1, f ), q2 = (1 + |f |2)(1, f )− 2i(tf ′ + h)(f ,−1)

f (z) = z , h(z) = z2, z = x + iy
I E = 16π

• Topology and energy of time-dependent unitons

1. Energy of uniton is proportional to third homotopy
class of extended solution.

2. Third homotopy class corresponds to second Chern
number of the twistor bundle.
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Lax Pair

• Symmetry reduction of self-dual Yang-Mills (SDYM) eq.
I equivalent to the Yang-Mills-Higgs system

• Let A = Aµdx
µ, Φ ∈ u(N).

Lax pair:

L0Ψ := (Dy + Dt − λ(Dx + Φ))Ψ = 0

L1Ψ := (Dx − Φ− λ(Dt − Dy ))Ψ = 0

Ψ(xµ, λ) ∈ GL(N,C), λ ∈ CP1, DµΨ = ∂µΨ + AµΨ

• With a gauge choice

At = Ay =
1

2
J−1(∂tJt + ∂yJ), Ax = −Φ =

1

2
J−1∂xJ

[L0, L1] = 0 −→ Ward chiral model

• J(xµ) = Ψ−1(xµ, λ = 0).



Lax Pair

• Symmetry reduction of self-dual Yang-Mills (SDYM) eq.
I equivalent to the Yang-Mills-Higgs system

• Let A = Aµdx
µ, Φ ∈ u(N).

Lax pair:

L0Ψ := (Dy + Dt − λ(Dx + Φ))Ψ = 0

L1Ψ := (Dx − Φ− λ(Dt − Dy ))Ψ = 0

Ψ(xµ, λ) ∈ GL(N,C), λ ∈ CP1, DµΨ = ∂µΨ + AµΨ

• With a gauge choice

At = Ay =
1

2
J−1(∂tJt + ∂yJ), Ax = −Φ =

1

2
J−1∂xJ

[L0, L1] = 0 −→ Ward chiral model

• J(xµ) = Ψ−1(xµ, λ = 0).



Lax Pair

• Symmetry reduction of self-dual Yang-Mills (SDYM) eq.
I equivalent to the Yang-Mills-Higgs system

• Let A = Aµdx
µ, Φ ∈ u(N).

Lax pair:

L0Ψ := (Dy + Dt − λ(Dx + Φ))Ψ = 0

L1Ψ := (Dx − Φ− λ(Dt − Dy ))Ψ = 0

Ψ(xµ, λ) ∈ GL(N,C), λ ∈ CP1, DµΨ = ∂µΨ + AµΨ

• With a gauge choice

At = Ay =
1

2
J−1(∂tJt + ∂yJ), Ax = −Φ =

1

2
J−1∂xJ

[L0, L1] = 0 −→ Ward chiral model

• J(xµ) = Ψ−1(xµ, λ = 0).



Lax Pair

• Symmetry reduction of self-dual Yang-Mills (SDYM) eq.
I equivalent to the Yang-Mills-Higgs system

• Let A = Aµdx
µ, Φ ∈ u(N).

Lax pair:

L0Ψ := (Dy + Dt − λ(Dx + Φ))Ψ = 0

L1Ψ := (Dx − Φ− λ(Dt − Dy ))Ψ = 0

Ψ(xµ, λ) ∈ GL(N,C), λ ∈ CP1, DµΨ = ∂µΨ + AµΨ

• With a gauge choice

At = Ay =
1

2
J−1(∂tJt + ∂yJ), Ax = −Φ =

1

2
J−1∂xJ

[L0, L1] = 0 −→ Ward chiral model

• J(xµ) = Ψ−1(xµ, λ = 0).



Topological Degree

• Restricted extended solution Ψ(x , y , t, λ)

ψ(x , y , θ) := Ψ(x , y , 0,− cot
θ

2
)

R2,1 × CP1 −→ R2 × S1

−→ S2 × S1 −→ SS2 = S3

reduced suspension of S2

(S2 × [0, 1])/((S2 × {0}) ∪ (S2 × {1}) ∪ ({x0} × [0, 1]))

• Trivial scattering BC: (Ward 1996)

ψ(x , y , θ) −→ 1 as x2 + y 2 −→∞

Freedom: ψ(x , y , 0) = 1
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• ψ : S3 → U(N), third homotopy class π3(U(N)) = Z

[ψ] =
1

24π2

∫
S3

Tr ((ψ−1dψ)3)

• n-uniton solution: µ = C\R

ψ = gngn−1 . . . g1, where gk = 1+
µ̄− µ

µ + cot
(
θ
2

)Rk ∈ U(N)

Theorem Total energy

E = −1

2

∫
R2

Tr((J−1Jt)
2 + (J−1Jx)2 + (J−1Jy )2) dxdy of an

n-uniton solution with µ = me iφ is quantised and equal to

E(n) = 4π
(1 + m2

m

)
| sin(φ)| [ψ]

Proof: Exploit the Bäcklund relation (Dai & Terng 2007).
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Twistor Theory

• Twistor Correspondence (Ward 1977)

Solutions of SDYM ←→ Holomorphic vector bundles
on spacetime on twistor space

• Integrability: existence of twistor construction

• Most (low dim) integrable systems can be realised as
symmetry reductions of SDYM eq in 4 dim.

(e.g. Mason and Woodhouse 1996)

(x , y , t) ∈ C3, η = −dt2 + dx2 + dy2

• Minitwistor space: Space of null planes in C3 TP1

ω = 2xλ + y(λ2 − 1) + t(1 + λ2))

I R3 : Euclidean monopole eq.
(Ward 1981, Hitchin 1982)

I R2,1 : Yang-Mills-Higgs system/ Ward chiral model
(Ward 1989)
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Ward Chiral model ω = 2xλ+ y(λ2 − 1) + t(1 + λ2))

• R2,1 TP1

points p ←→ “real” sections p̂
real null planes ←→ real points

ω = t + y cos θ + x sin θ

• Real analytic solutions ←→ Holomorphic vector bundles
J : R2,1 → U(N) of rank N over TP1 s. t.

E |p̂ is trivial for all p ∈ R2,1

+ reality & framing struct.

(Ward 1989, 1990)

• J satisfying Hol . vector bundles over

trivial scattering BC ←→ compactified minitwistor

lim
r→∞

ψ(x , y , θ) = 1 space, E → TP1

(Ward 1996, Anand 1997)

• What is the spacetime interpretation of c2(E ) ?
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• Correspondence space

F = C3 × CP1

↙ ↘
MC = C3 TP1

F := {(p, z) ∈ C3×TP1 : ω = 2xλ+ y(λ2− 1) + t(1 +λ2))}

I Ψ(x , y , t, λ) on R2,1 × CP1

I ψ(x , y , θ) on R2 × S1



Compactified twistor fibration (Z0,Z1,Z2,Z3) ∈ C4 − {0}

• TP1 as a cone minus the vertex C − {z0} ⊂ CP3

Z 2
1 + Z 2

2 − Z 2
3 = 0, z0 = [Z0 6= 0, 0, 0, 0]

• null planes in C3 ←→ points of C − {z0}
CP2
∞ ←→ z0

f̂

↙ ↘
CP3 C

f̂ := {(p, z) ∈ CP3 × C : P0Z0 + P1Z1 + P2Z2 − P3Z3 = 0}

• TP1: fibrewise compactification of TP1

I C - fibre −→ CP1 - fibre (add L∞ )
I Blow-up C̃ of C {z0} → L∞
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Restricted correspondence space

• F̂ : Blow-up of f̂ along CP2
∞ × {z0}

I CP2
∞ × {z0} −→ CP2

∞ × L∞

• Let F := F̂ |τR
τR := RP2 compactification of t = 0, R2 - plane

F

r↙ ↘ q

τR = RP2 TP1

Proposition
q : F −→ TP1 is onto.

Proof Every null plane in CP3 intersects τR.
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Second Chern number

• c2(E ) = − 1

8π2

∫
F

Tr(F ∧ F )

• Let F+ := {(p, z) ∈ F : Im(λ) > −ε}

F− := {(p, z) ∈ F : Im(λ) < ε}

• Choose a connection A that is flat over F+

• Stokes’ Theorem

c2(E ) =
1

24π2

∫
∂F−

Tr
(
(ψ−1dψ)3

)
= [ψ]



Conclusions

• Total energy of time-dependent Ward unitons is
proportional to third homotopy class of extended soln.

• Construct a compactified twistor fibration which fibre over
space-like initial surface and TP1.

• Second Chern number of the twistor bundle corresponds
to third homotopy class of extended soln.

I Interpretation as total energy.

• Quantisation of energy can be generalised to
energy-momentum quantisation - SO(1, 1) invariance.


