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R-matrix construction

Let g be an infinite-dimensional Lie algebra. The Lie bracket [-, -] defines the
adjoint action of g on g: ad, b = [a, b].
Recall that an R € End(g) is called a (classical) R-matrix if the R-bracket

[a, b]r := [Ra, b] + [a, Rb]

is a new Lie bracket on g. The Jacobi identity is satisfied if R satisfies the
so-called classical modified Yang—Baxter equation

[Ra, Rb] — R[a, b]lr — afa, b] = 0, aeR.
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R-matrix construction

Let g be an infinite-dimensional Lie algebra. The Lie bracket [-, -] defines the
adjoint action of g on g: ad, b = [a, b].
Recall that an R € End(g) is called a (classical) R-matrix if the R-bracket

[a, b]r := [Ra, b] + [a, Rb]

is a new Lie bracket on g. The Jacobi identity is satisfied if R satisfies the
so-called classical modified Yang—Baxter equation

[Ra, Rb] — R[a, b]lr — afa, b] = 0, aeR.

Let L; € g, i € N. Consider the associated hierarchies of flows

(Ln)t, = [RL;, Ln], r,n€N.
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R-matrix construction

Theorem |

Suppose that R is an R-matrix on g which commutes with all derivatives 0, i.e.,
(F\)L)t’7 = RLtn7 n E N,

and obeys the classical modified Yang—Baxter equation for a # 0. Let L; € g,
i € N satisfy considered hierarchies of flows.
Then the following conditions are equivalent:

i) the zero-curvature equations
(RL,):, — (RLs)t, + [RL,,RL;] =0, r,seN

hold;
i) all L; commute in g:
[L,‘,L‘,']ZO7 i,jEN.
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R-matrix construction

Moreover, if one (and hence both) of the above equivalent conditions holds, then
considered flows commute, i.e.,

((Ln)e)e, — ((Ln)e)e, =0, nyrys€N;
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R-matrix construction

Moreover, if one (and hence both) of the above equivalent conditions holds, then
considered flows commute, i.e.,

((Ln)e)e, = ((Ln)e)e, =0, nyrseN;

(RL,):, — (RLs)t, + [RL,, RL;]
— R[RL,L,] — R[RL,, L] + [RL,, RL4]
= [RLF7 RLS] - R[Lr, Ls]R = —Ot[l_,—, Ls]

((Ln)e)e, — ((Ln)e)e, = [RL, Lnle, — [RLs, Lss,
= [(RLr)ts - (RLS)tn Ln] + [RLr» [RLS, Ln]]
—[RLs, [RL,, Lp]]
= [(RLr)ts - (RLS)tr + [RL,, RLS], Ln]
= 0.
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R-matrix construction

Now we present a procedure of extending the systems under study by adding an

extra independent variable. Namely, we assume that all elements of g depend on
an additional independent variable y not involved in the Lie bracket, so all of the
above results remain valid.

Consider an L € g and the associated hierarchy of flows defined by

Etr = [RL,,,C] + (RLr)y7 reN.
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R-matrix construction

Now we present a procedure of extending the systems under study by adding an

extra independent variable. Namely, we assume that all elements of g depend on
an additional independent variable y not involved in the Lie bracket, so all of the
above results remain valid.

Consider an L € g and the associated hierarchy of flows defined by

Ly, = [RLy, L] + (RL)y, reN.

| A

Theorem |l

Suppose that £ € g and L; € g, i € N are such that the zero-curvature equations
hold for all r,s € N. Then the flows commute, i.e.,

(L), — (L), =0, r,seN.
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R-matrix construction

Using the evolution equations and the Jacobi identity for the Lie bracket we obtain

(Le)e, = (Le)e, = [(RL:)s, — (RLs)e, + [RL,, RLs], L]
+ ((RLr)ts - (RLs)tr + [RL,, RLS])y
= 0.

The riﬁht—hand. side of the above equation vanishes by virtue of the zero
curvature equations.
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R-matrix construction

Using the evolution equations and the Jacobi identity for the Lie bracket we obtain

(Le)e = (Le)e,

[(RLr)ts - (RLS)tr + [RL,, RLs]v'C]
+ ((RLr)s, — (RLs)e, + [RLy, RL]),
= 0.

The riﬁht—hand. side of the above equation vanishes by virtue of the zero
curvature equations.

It is well known that whenever g admits a decomposition into two Lie subalgebras
g+ and g_ such that

9=0+90-, [9+,9:]Cox, g1 Ng-=0,
1 1
the operator R=_-(P.—P =P, — =
2( + ) +7 5

where Py are projectors onto g4, satisfies the classical modified Yang—Baxter

equation with o = %, i.e., R is a classical R-matrix.
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R-matrix construction

Next, let us specify the dependence of L; on y via the so-called Lax—Novikov

equations
[L17£]+(Lj)y20ﬂ JEN.

Then, our previously considered equations take the following form:
(L), = [Br, L], r,seN,

(Bf)ts - (Bs)tr =+ [B,, BS] = 07
L: = [B;, L]+ (B)y, n,reN

where B; = P, L;.
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R-matrix construction

Next, let us specify the dependence of L; on y via the so-called Lax—Novikov
equations
[Lj,£]+(Lj)y:0, JEN.

Then, our previously considered equations take the following form:
(Ls)t, = [Bm Ls]v r,s e N7
(Br)ts - (Bs)tr + [Bra Bs] =0,
L: = [B;, L]+ (B)y, n,reN
where B; = P, L;.

For Lie algebras which admit an additional associative multiplication o which
obeys the Leibniz rule
ady(boc) =ad,(b)oc+ boad,(c) < [a,boc] =[a,bloc+ bo]a,c],

the commutative subalgebra in question is generated by rational powers of a given
element L € g. Here we relax that assumption.
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contact bracket

Consider a commutative and associative algebra A of formal series in p
A>f= Z u,'pi
i
with the standard multiplication

The coefficients u; of these series are assumed to be smooth functions of x,y, z
and infinitely many times t, to, . . ..
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The contact bracket

Consider a commutative and associative algebra A of formal series in p
A>f= Z u,'pi
i
with the standard multiplication

The coefficients u; of these series are assumed to be smooth functions of x,y, z
and infinitely many times t, to, . . ..

The contact bracket on A will be denoted by {-,-}¢ and is defined by

{hh)c= 200k _ 080k Oh

This bracket is independent of y.
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The contact bracket

Note that A is not a Poisson algebra as the contact bracket (9) does not obey the
Leibniz rule:

{flf27 fi’a}C = {ﬂa f—3}Cf2 + fl{f27 f3}C - flf2{1a f—3}C

However, it belongs to a more general class of the so-called Jacobi algebras.
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The contact bracket

Note that A is not a Poisson algebra as the contact bracket (9) does not obey the
Leibniz rule:

{hfr,B}c ={h,B}ch+ A{h,B}c — hh{l, f}c.

However, it belongs to a more general class of the so-called Jacobi algebras.

To make contact with the R-matrix approach, we identify g with A and the
commutator [, -] in g with the contact bracket. As for the choice of the splitting
of g into Lie subalgebras g+ with Py being projections onto the respective
subalgebras, so g+ = P4 (g), we have two natural choices when R = P, — 1
satisfies the classical modified Yang—Baxter equation. These two choices are

Py =Ps, k=0,1
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(3+1)-dimensional hierarchies

Consider first the case of k = 0 and the nth order Lax function from A
L=up"+tp1p" 4 Fu+tup i+, n>0
and let
Bn=Pily = Vimmp™ + v,,,,,,,_lpm*1 + -+ Vmpo, m >0

where u; = ui(t, %, ¥, 2), Vmj = Vm (£, x,y,2), and t = (t1, ta,...).
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(3+1)-dimensional hierarchies

Consider first the case of k = 0 and the nth order Lax function from A
L=up"+tp1p" 4 Fu+tup i+, n>0
and let
Bn=Pily = Vimmp™ + v,,,,,,,_lp"”1 + -+ Vmpo, m >0

where u; = ui(t, %, ¥, 2), Vmj = Vm (£, x,y,2), and t = (t1, ta,...).

Substituting £ and B,, into the equations
Etm = {Bmaﬁ}C + (Bm)y

we obtain a hierarchy of infinite-component systems of the form
(ur)e, = X[, Vin], r<n4+m, r#0,...,m,

(uf)tm :er[uv Vm]+(vm,r)y, r=07...,m.

where one has to put u, =0 for r > n and
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(3+1)-dimensional hierarchies

m
XMu,vm] =+ Z[Svm,S(Ur—erl)x —(r—s+ 1)ur_sy1(Vm,s)x
s=0

_(5 - l)Vm,s(Urfs)z + (I‘ —S— 1)Urfs(Vm,s)z]a

for r < m+ n. The fields u, for r < n are dynamical variables while equations for
n+4 m > r > n can be seen as nonlocal constraints on u, defining the fields v, .
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(3+1)-dimensional hierarchies

m
XMu,vm] =+ Z[Svm,S(Ur—erl)x —(r—s+ 1)ur_sy1(Vm,s)x
s=0

_(5 - l)Vm,s(Urfs)z + (I‘ —S— 1)Urfs(Vm,s)z]a

for r < m+ n. The fields u, for r < n are dynamical variables while equations for
n+4 m > r > n can be seen as nonlocal constraints on u, defining the fields v, .

The reader has to bear in mind that in addition, dependent variables v, s are by
construction related to each other through zero-curvature relations.
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(3+1)-dimensional hierarchies

m
XMu,vm] =+ Z[Svm,S(Ur—erl)x —(r—s+ 1)ur_sy1(Vm,s)x
s=0

_(5 - l)Vm,s(Urfs)z + (I‘ —S— 1)Urfs(Vm,s)z]7

for r < m+ n. The fields u, for r < n are dynamical variables while equations for
n+4 m > r > n can be seen as nonlocal constraints on u, defining the fields v, .

The reader has to bear in mind that in addition, dependent variables v, s are by
construction related to each other through zero-curvature relations.

v

Admissible constraints

Vm,m:(un)%, n>1, m>1

m—1
=1 Un-1, N >1
ug = const, n=1

Up = CONSt, Vmm = CONSt, Vpmm—1 = {
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(3+1)-dimensional hierarchies

Let us look on the case n = 1 more carefully. Taking up = 0, Lax equation for
L=p+usp ' +uop 2,

and m=2
By = p? + vip + w,

generates the following infinite field system:
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(3+1)-dimensional hierarchies

Let us look on the case n = 1 more carefully. Taking ug = 0, Lax equation for
L=p+usp ' +uop 2,

and m=2
By = p? + vip + w,

generates the following infinite field system:

(v1)y = (v1)x + (u-1)z,
(v)y = (vo)x + (u—2)z — 2(u—1)x + 2u—1(v1),
(ur)e, = 2(ur—1)x — (Ur—2)z — (r + 1)urs1(vo)x + vo(ur):
+ (r = Dur(vo)z + va(ur)x — rur(vi)x + (r = 2)ur—1(v1)z,

where r < 0 and v, = v,.
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(3+1)-dimensional hierarchies

Natural (2 + 1)-dimensional reductions:

The reduction

0 = (vi)x+(u-1)z
0 = (vo)x+ (v—2)z —2(u—1)x +2u_1(v1)z,
(Ur)tg = 2(Ur—1)x - (Ur—2)z - (r + 1)Ur+1(VO)x a4 VO(ur)z

+(r - 1)Ur(V0)z + Vl(ur)x - rur(Vl)x + (r - 2)U,—_1(V1)z,
when uj, vp and v; are independent of y.
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(3+1)-dimensional hierarchies

Natural (2 + 1)-dimensional reductions:

The reduction

0 = (vi)x+ (u-1)2,
0 = (vo)x+ (v—2)z —2(u—1)x +2u_1(v1)z,
(u)e = 2(ur—1)x — (ur—2)z — (r + 1)ur1(vo)x + vo(ur)z

+(r - 1)Ur(V0)z + Vl(ur)x - rur(Vl)x + (r - 2)ur—1(V1)Za
when uj, vp and v; are independent of y.

The reduction

(Vl)y = (U—l)n
(vo)y = (u—2); +2u_1(v1),
(ur)e, = —(ur—2)z +vo(ur)z + (r — Dur(vo): + (r — 2)ur—1(v1)s,

when uj, vp and v; are independent of x.
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(3+1)-dimensional hierarchies

The reduction

(v1)y = (v)x,
(VO)y = (VO)x - 2(“—1)x,
(Ur)tz = 2(Ur—1)x - (r + 1)Ur+1(VO)X + Vl(ur)x - rUr(Vl)xa

when uj, vp and v; are independent of z.
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(3+1)-dimensional hierarchies

The reduction

(v1)y = (v)x,
(VO)y = (VO)x - 2(“—1)x,
(Ur)tz = 2(Ur—l)x - (r + 1)Ur+1(V0)X + Vl(Ur)X - rUr(Vl)xa

when uj, vp and v; are independent of z.

The last system admits further reduction v; = 0 to the form

(v0)y = (vo)x — 2(u—1)x,
(ur)e, = 2(ur—1)x — (r + D)urr1(vo)x + va(ur)x-
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(3+1)-dimensional hierarchies

The reduction

(v1)y = (v)x,
(VO)y = (VO)x - 2(”—1)x,
(Ur)tz = 2(Ur—1)x - (r + 1)Ur+1(VO)X + Vl(ur)x - rUr(Vl)xa

when uj, vp and v; are independent of z.

The last system admits further reduction v; = 0 to the form

(v0)y = (vo)x — 2(u—1)x,
(ur)e, = 2(ur—1)x — (r + D)urr1(vo)x + va(ur)x-

It reduces to (1 + 1)-dimensional Benney system
(uf)tz = 2(uf—1)X - 2([‘ + 1)Ur+1(u—1)X7 r <o,

when u; are independent of both y and z and v = 2u_;.
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(3+1)-dimensional hierarchies

The case k =1

Similar considerations can be performed for k = 1. Let us look on that simplest
case of

£:P+UO+U_1P_1+"'
and

Bn=Pily= Vm,m—lpm + Vm,m—2pm_1 + o+ Vmp, m>1

Maciej Btaszak and Artur Sergyeyev (UAM) Dispersionless (3+1)-dimensional integrable hierarchies




(3+1)-dimensional hierarchies

The case k =1

Similar considerations can be performed for k = 1. Let us look on that simplest
case of

£:P+U0+U_1p_1+"'

and

Bm = Pilm = Vam—1p™ + Vm,m—ZPm_1 + ot Vmp, m>1

The first flow for m = 2, where we put v» , = v, to simplify writing, takes the form

(v2)y = (v2)x + to(v2)z + va(uo)-,

(v1)y = (vi)x + to(v1)z + va(u—1); + 2u_1(v2); — 2va(uo)x,

(ur)e, = vi(ur)x — rup(va)x + (r = 2)ur—1(v1)z + 2vo(ur—1)x
—(r=Du—1(v2)x — va(ur—2); + (r = 3)ur—2(v2),, r<0.

(2 + 1)-dimensional and (1 + 1)-dimensional reductions are available as well.
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(341)-dimensional reductions with finite number of fields

The case k =0
We have a natural reduction to finite-component systems
L = up"+up_1p" 4+ up, r=0,1,
B = (un)%lp"’ + Vinm—1P™ L4 Vo
and L = p"+up1p" 4+ Hup, r=0,1,
B, = pm+%un,1pm_l+~-~+vm,o.
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(341)-dimensional reductions with finite number of fields

The case k =0
We have a natural reduction to finite-component systems
L = up"+ un—lpn_1 +--+up’, r=0.1,
B = (Un)TTP" 4 Vimm 1P+ Vimg

2 L = p'4up1p™ 4 Fup’, r=0,1,
Bn = p"+ ((n 1))un 1P 1+ * =+ Vm,o.

|
A\

The case k =1

We have a natural reduction to finite-component systems
L = Unpn+ Un—anfl + -+ urpr, r= 1507_17
m=1 _
Bn = (un) =T p™ Vm,m—lpm ! + ot Vmap

L=p+u+u_pt+---+up, r=01,-1,...
Bm = Vm,um + Vm,mflpmi1 +-+ Vm,1P; m > 1.
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Examples

Example 1

Let

L=p+u+u1p ', Br=wp’ +wp,
then

(u—1)e, = u—1(va)x + va(u—1)x,
(uo)e, = —2u_1(v1)z + va(uo)x + u—1(v2)x + 2va(u_1)x,
vi)y = (vi)x + 2u—1(v2)z + va(u—1)z + to(v1)z — 2v2(uo)x,
v2)y = (v2)x + to(v2)z + va(uo)z,
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Examples

Example 1

Let

L=p+u+u1p ', Br=wp’ +wp,
then

(u_1)e, = u—1(v1)x + vai(u—1)x,

(uo)e, = —2u_1(v1)z + va(uo)x + u—1(v2)x + 2va(u_1)x,
y = (v1)x +2u_1(v2); + vo(u—1), + uo(va), — 2vo(uo)x,
(v2)x + uo(v2)z + va(uo)2,

—~~
S
~— ~—
<
Il

For z =0 and v, = const = 1 we get

(u—1)e, = u_1(va)x + va(u—_1)x,
(to)e, = va(uo)x + 2(u—1)x, (1)
(v1)y = (vi)x — 2(uo)x,
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Examples

For x =0 and u; = const = 1 we get

(uo)e, = —2(v1)z,
(v1)y = 2(v2)z + wo(v1)z,

(v2)y = (uov2):
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Examples

For x =0 and u; = const =1 we get

(uo)e, = —2(v1)z,
(v1)y = 2(v2); + to(v1)z,

(v2)y = (uov2):

(141)-dimensional reductions
Further reduction by y = 0, leads to (1 + 1)-dimensional (t, x)-system

(u—1)y, = 2(u—1up)x,
(u0)e, = 2(u_1 + u5)x,

where v; = 2ug and (1 + 1)-dimensional (t, z)-system
(t0)e, = 2(ug %)z,

where vo=upt, vi=—up .

Maciej Btaszak and Artur Sergyeyev (UAM) Dispersionless (3+1)-dimensional integrable hierarchies



Examples

Example 2

Let
L= usp®+ np® + u1p, Bo=vp®+vip,
then

0 =2u3(v2); — va(u3):,

0= wuz(v2)z: — va(u2)z + 2u3(v1), + 2va(u3)x — 3us(va)x
(u3), = vi(uz)x + 2va(u2)x — 2ua(va)x — 3us(vi)x — va(ur)z + Ua(v1)2,
(12)e, = (v2)y + va(w2)x + 2va(u1)x — 2ua(v1)x — ur(v2)x,
(1), = (v1)y + va(ur)x — un(va)x,
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Examples

Example 2

Let
L= usp®+ np® + u1p, Bo=vp®+vip,
then

0 =2u3(v2); — va(u3):,
0= wuz(v2)z: — va(u2)z + 2u3(v1), + 2va(u3)x — 3us(va)x
(u3), = vi(uz)x + 2va(u2)x — 2ua(va)x — 3us(vi)x — va(ur)z + Ua(v1)2,
u)e, = (v2)y + vi(u2)x + 2va(u1)x — 2u2(va)x — ur(v2)x,
(1), = (v1)y + va(ur)x — un(va)x,

with constraints

(w): = | guatin) 2] = [3)t] . wm = ()t
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Examples

(2+1)-dimensional reductions

The reduction z = 0 leads to

2
vw=const=1, uz=const=1, v = §uz
and hence

(u2), = 2(u1)x — §u2(u2)><a

() = 31(u2)y + o) — en ()]
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Examples

(241)-dimensional reductions

The reduction z = 0 leads to

2
vw=const=1, uz=const=1, v = §uz
and hence

(u2), = 2(u1)x — §U2(U2)Xa

() = 31(u2)y + o) — en ()]

On the other hand, the reduction x = 0 leads to

(U3)t2 = U2(V1)z - V2(U1)z7
)t2 = (V2)y7

e, = (v1)y,

—~
S

(

where

[NIE

1
vo = (u3)?, w = EU2(U3)* .
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Examples

(14-1)-dimensional reductions
The further reduction by y = 0, leads to (1 + 1)-dimensional system

(u2), = 2(un)x — §u2(u2)xv

(o) = Slun(o)s — n(e2)s],

and "
(1) = 5 ()],

with constraint

up =const =0, wuy=const=1
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Thank you for the attention |
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