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Outline

1. Introduction
e Painlevé equations
e Orthogonal polynomials
2. Semi-classical orthogonal polynomials
w(x:t) = |z|” exp(—a? + tx), r,teR, v>-1
w(w;t) = |z|*exp(—at + ta?), r,teR, v>0
3. Semi-classical orthogonal polynomials on complex contours

w(x;t) = exp (—%x?’ + taf) : t>0

27i/3

on the curve C from e2™/300 to e 2™/300.

4. The nonlinear difference system
~A'(t)
Ai(t)

Tp + Tptl :yi_t
To(Yn + Yn—1) =1

ro(t) =0, wolt) =

5. Airy Solutions of the second Painlevé equation and related equations

6. Conclusions
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Painlevé Equations

d%q N
—s =0¢"+ 2 P;
2
@:26]3—1—2(]4—& PH
¢ 1/d¢\> 1d¢ a®?+b , d
— === ] —- = P
dz* q(dz) zdzJr 2 T +q H
d’¢ 1 [dg ’ 3 5 5 5 b
= — 4 2(z° — - P
e 2q<dz) + 50 Az + (2 a)q+q IV
d%q 1 1 dg\* 1dg (g — 1) b
—=—+—])|—=) —- - P
dz? (2q - q— 1) (dz) zdz - 22 “qt q N
d 1
Lo, dalg+1)
z qg—1
¢ 1/1 1 1 dg\> (1 1 1\ dg
— == - — | = (- P
dz? 2(q+q—1+q—z)(dz) (z+z—1+q—z dz Vi
— 1)(g — b — 1 dz(z — 1
cala=Dg=2) [ b ca-1) de(z=1)
2*(z = 1) ¢ (=17 (¢—2)°

with a, b, ¢ and d arbitrary constants.
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Painlevé o-Equations

d?o do\’ do
C;O-+4CE>+aﬁg—aazo S
() () e (2r) -
(57 -) +4 () () o =2 (22 an) o
(% 24(z$0)2+432 (j—Z—FQﬁO) (j—ZJrQﬁOO) =0 Sty

2
2a\ do\>  do L /do
il I 1 (i 4 k) =
(deQ) (dz) Zdz +ol| + H (dz + /@) Sy

do 201° [do do P o (do
& [Z(Z — 1>F] + [g {20' — (22 — 1)@} + /il/ﬁlg/ﬁ}glle] — H (& + K/?) SVI

<

where 3, ¥y, 0, and k1, ..., k4 are arbitrary constants.
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Special function solutions of Painlevé equations

Number of . Associated
. Special Number of
(essential) . orthogonal
function parameters .
parameters polynomial
P; 0 —
Airy
Pu ! Ai(z), Bi(z) 0 o
Bessel
P 2 J(2), 1(2), Ko (2) : B
p 5 Parabolic | Hermite
vV D,(z) H,(z)
Kummer .
Associated
e Mghibe L TR
My u(2), Wi(2) La"(z)
hypergeometric Jacobi
Poo 4 JFi(a, b c; 2) ’ PP)(2)
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Properties of the Second Painlevé Equation

d%q
d—¥:2q3+zq+a Py

e Hamiltonian structure

e Airy solutions
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Hamiltonian Representation
P can be written as the Hamiltonian system
dg OHnp 2 1 dp  OHn
— = =p—q —3z, ==
dz Op dz dq
where Hii(q, p, z; a) is the Hamiltonian defined by

:2qp+a—|—% HH

Hulg.p, 2 a) = 39" = (¢° + 32)p — (a + 3)q
Eliminating p then ¢ satisfies P;; whilst eliminating ¢ yields

d*p 1 /dp ?
pd—z2 =3 (£> +2p° — zp® — %(a + %)2 P;,
Theorem (Okamoto [1986])
The function o(z;a) = Hu = 3p* — (¢* + 32)p — (a + 1)q satisfies
A do\? do [ do
— 4 — 2— | z2— — =1 12 S
(sz) " (dz) L (Zdz U) i@ty I
and conversely
20"(z) +a+ 3 do
Ca) — q) = —9—

is a solution of Hi.
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Airy Solutions of P, P3; and Sy;

d?qy,

=20y + 2qn + N+ Py
9 n 9
ddé;n 1 dpn ’ 3 9 1 9
Dn 2 o\ + 2p, — 2p,, — 5N Py,
d2o : do \° do do
n A n 9 n no_ _ 1.2 S
(37) +1 (@) g (+Z o) - H
Theorem
Let

o(z;9) = cos(9) Ai(¢) +sin(9) Bi(¢), ¢ =—2"13
with ¥ an arbitrary constant, Ai(() and Bi(() Airy functions, and 7,(z) be
the Wronskian, a Hankel determinant, given by

d qn—1 dj+k n—1
To(2;0) =W (go, d—gp, . SO) = det [ 90]
< .k=0

U dp ! dztk
then
d ., Tz 0) d? d
n 319 — l ) n ;0 = —2—1 n ;197 n ;19 = —1 n ;19
(250) = I T (s0) = <2 (s0), au(si0) = ()

respectively satisfy Py, Py, and Sy, with n € Z.
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Properties of the Fourth Painlevé Equation
and the Fourth Painlevé oc-Equation

d2¢ 1 /d¢\ 3, , , b
— Z 4 22 _ e
2 2 (dz) +2q +4zq° + 2(z a)q+q

d%0 2 do 2 do (do do
— | =4 z— — 4— [ —+2 — 4+ 20 | =
(sz) (Zdz J) * dz (dz * Q90) (dz * ) 0

e Parabolic Cylinder Function Solutions
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Parabolic Cylinder Function Solutions of Py
Theorem

Suppose 1,,(z;¢€) is given by

ditky, n—1

Tun(z€) =W (%(2;8),902(2;6), y ,790,(,”_1)(2;6)) = det [ . ]
’ dzdth |
7,k=0

for n > 1, where 7,(z;¢) = 1 and ¢, (2; ¢) satisfies

d*p, depy
d; — 252’% + 2evep, =0, e =1
Then solutions of Pry
d?q 1 [dqg 23 5 5 5 b
— Z 4 22 _ e
12 2q<dz> o+ Azq +2(2 a)q+q

are given by
1] d Ty.n+1 <Z§ 5)

U2 ay, by) = =2 1
q.,(z;a1,b) z+5dz 1 g

d T <Z 5)
21 (o g0 bo) = I 2
QI/,n(Z’ a2, 2> gdZ . Ty—l—l,n<z; 8) 7

; <a’17 bl) = (8(2n — y)) —2<Z/ + 1)2)

(CLQ, bg) = ( — 8(7?/ + V), —2(V —n+ 1)2)

d . Tuiin(z€)
[3] . b - 1 I/—|—1,TL 3
Qo7 @3, bs) " Tyn(2;€)

, (CL3, b3> = (5(21/ — N + 1), —2n2)
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Parabolic Cylinder Function Solutions of Sy

Theorem
Suppose 7,,(z;¢€) is given by

ditky, n—1
Tyn(z;6) =W (go,/(z; e), 0 (z€),..., go(”_l)(z; 5)) — det .
) 174 14 dZ]+k ]k_o
for n > 1, where 1,(z;¢) = 1 and ¢, (2; €) satisfies
d%p, 5 de,
— 2ez
dz’ dz

Then solutions of Siy

20\ d 2 do /d d
(d—;> —4(zd—2—0> +4d—z (d—‘:+2z90> (£+21900) —0

are given by

+ 2evp, = 0, =1

d
Oyn(2) = o In7,,(z¢), (Yo, V) = (e(v —n + 1), —en)
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dQSOV dep,,

7 2525 + 2evp, =0, e2=1 (%)
olf v &7
o (z€) = {{cos(z?)Dy(\/i z) + Sin(ﬁ)Dy(—ﬂz)} exp (%22) : c—1
o {cos(z?)D_,,_l(\@ 2) +sin(¥)D_,_1(—v/2 z) } exp (—%22) oe=-—1
oelfvr=neZ,withn >0
e <(cos<ﬁ>Hn<z> +sin(0) exp() x {erfi(z) exp(~27)} 2 =1
| \cos(ﬁ)Hn(iz) + sin(v) exp(—zQ)% {erfe(z)exp(z?)}, e=-1

olfrv=-—-neZ, withn>1

(z:6) = 4 cos(9) H,—1(iz) exp(2?) + sin(ﬁ)dd:n_l {erfc(z) exp(zQ)} , c— 1
pomm s n—1
\cos(ﬂ)an(z) exp(—z%) + Sinw)ddznl [afi(z) op(—22)), =1

with ¢ an arbitrary constant, D, (() the parabolic cylinder function, H,(z)
the Hermite polynomial, erfc(z) the complementary error function and
erfi(z) the imaginary error function.
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Orthogonal Polynomials

e Some History
e Monic orthogonal polynomials

e Semi-classical orthogonal polynomials
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Some History

e The relationship between semi-classical orthogonal polynomials and in-
tegrable equations dates back to Shohat [1939] and Freud [1976].

e Fokas, Its & Kitaev [1991, 1992] identified these integrable equations
as discrete Painlevé equations.

e Magnus [1995] considered the Freud weight
w(x;t) = exp (—:1:4 + ta:Z) : x,t € R,

and showed that the coefficients in the three-term recurrence relation
can be expressed in terms of solutions of

QH<Qn—1 + dn + qn—|—1> + thn =N
which is discrete P; (dP;), as shown by Bonan & Nevai [1984], and

d?q, 1 (dq, 23 5 5 5 n?
= —q° 4 4tg 4+ 2(8° + In)g, — —
At 2q, ( d ) + g+ At 2 ) 24
which is Py with @ = —in and b = —in®. The connection between the

Freud weight and solutions of dP; and P;y is due to Kitaev [1988].
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Monic Orthogonal Polynomials

Let P,(z),n=10,1,2,..., be the monic orthogonal polynomials of degree
n in z, with respect to the positive weight w(x), such that

b
/ P, (z)P,(x)w(x)dx = hpbpmn, hy >0, m,n=0,1,2,...

One of the important properties that orthogonal polynomials have is that
they satisfy the three-term recurrence relation

ePy(z) = Pyi1(x) + a,Pp(z) + B, P-1(2)

where the recurrence coefficients are given by

~ ~

An—I—l An A?’L—l—lAn—l
&TL: —_ , /Bn:
An—l—l An A%
with
Ho M1 - Hp—1 Ho M1 o-.. Hp—2  Hn
A — | Bt A2 fn A o— | M1 M2 Hn-1 find
Hn—1 Hn -+ H2pn—2 Hn—-1 HMn -« H2p—3 H2n—1

b
and p = / 2" w(x) dz are the moments of the weight w(z).
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Further Properties

e The Hankel determinant
Ho M1 o--- Hn—1 ;
N S Y

Hn—1 Hn ... H2pn—2
also has the integral representation

/ / Hwa?ﬁ (Ij—xk)Qdazl...dxn, n>1

1<j<k<n

which is the partition function in random matrix theory.

e The monic polynomials P,(z) can be uniquely expressed as

Ho M1 .-+ Hn
1 M1 M2 .. Hpyd
Pyz)=—1] & & . i
A
MUn—1 fn - H2p—1
Iz ... "
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Semi-classical Orthogonal Polynomials

Consider the Pearson equation satisfied by the weight w(x)

d
—fo(w)w(w) = r{z)u(x)

e Classical orthogonal polynomials: o(z) and 7(x) are polynomials with
deg(c) < 2 and deg(7) =1

w(z) o() 7(z)
Hermite exp(—z?) 1 —2x
Laguerre x” exp(—x) T l+v—2x
Jacobi | (1—-2)*1+2) | 1-22  B—a—2+a+pB)x

e Semi-classical orthogonal polynomials: o(z) and 7(x) are polynomi-
als with either deg(o) > 2 or deg(7) > 1

w(z) 7(2)

t — 22

1 +v+te — 222
2+ 2 + 2x? — 474

Airy exp(—32° + tx)
semi-classical Hermite | z”exp(—z°+ tz)

2
S )

Generalized Freud |z2*!exp(—z* + tz?)
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If the weight has the form
w(x;t) = wo(x) exp(te)

©.9)

where the integrals / rPwy(z) exp(tz) de exist for all k& > 0.

— 00

e The recurrence coefficients «o,,(t) and 5, (¢) satisfy the Toda system

day, dfn
e The kth moment is given by

p(t) = /_OO r*wo(x) exp(te) do = &< (/_OO wo(z) exp(tz) dﬂf) = %

o dt* \J_w

e Since . (t) = o then A, (t) and A,(t) can be expressed as Wronskians

d dn—l dj+k n—1
Ap(t) =W (,uo, ﬂ, . —'LLO> = det [ . MO]
4 k=0

T dt dp/
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Semi-classical Hermite Weight

w(x;t) = |z’ exp(—a* + tz), r € R, v>—1

e PAC & K Jordaan, “The relationship between semi-classical Laguerre
polynomials and the fourth Painlevé equation”, Constr. Approx., 39 (2014)
223-254
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Semi-classical Hermite weight
Consider the semi-classical Hermite weight
w(x;t) = |z’ exp(—a* + tx), reR, v>-1
o If v ¢ N, then the moment u(¢; ) is given by

tt) = [t = "IN (e D (E0)

- 2(v+1)/2

since the parabolic cylinder function D, (() has the integral represen-
tation

< 1,2 o0
D¢ = T [ o4 — o)

o If v =2N, with N € N then
,uo(t;QN):/ x2Nw(x;t)dx:f(> H2N< )exp(tz)

o0

with H,(z) the Hermite polynomial.

oIf v =2N +1,with N € N then
00 d2N+1

lt: 2N +1) = [ e t) de = VE S {erf ) e (1))

oo

with erf(z) the error function.
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e The moment p(t; ) is given by

pi(t;v) = / z¥x]” exp(—z® + tz) do
01747OO

00 deO

v 2
= — | exp(—z° +tx)dx | = ——
dt” (/OO‘ [“expl ) ) de”

e The Hankel determinant A, (¢;v) is given by

Ji+k n—1 d qn—1
Ay (t;v) = det [ —-Ho(t; V)] =W (,LL(), U ,uo)
jik=0

dt’ de 7 de!
where
‘ 1,2
0 )OS D s(= V31 + D s (W30}, v
woltsv) = Vi (5) Ho (i) exp (42). )= 2N
d2N+1
\\/% AN {erf(3t) exp (3t7) }, v=2N+1
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Theorem (PAC & Jordaan [2014])

The recurrence coefficients «,(t;v) and 3,(t;v) in the three-term recurrence
relation

rPy(x;t) = Pyoi(x;t) + an(t; V) Pylx; t) + Bu(t; v) Py_1(x; 1),

for monic polynomials orthogonal with respect to the semi-classical Hermite
weight

w(x;t) = |z’ exp(—a* + tz), reR, v>-1
are given by
d AnJrl(t; V) d2
nll; — I 9 T = —l Zﬁn't

where A, (t;v) is the Hankel determinant

dj+/€ n—1 d dn—l
Muftin) = det | n(tn)| = w (S )
dt k=0

dt 77 A
with ( L
0 DS D s( =331 + D a (W30}, v
poltiv) = V (31) Haw (5it) exp (31), v =2N
2V
\\/% AN {erf(3t) exp (3t°) }, v=2N+1
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2

Recurrence coefficients for w(z;t) = 22 exp(—z? + tz)

2t
t) = It
aolt) =3t + 5 12
=1 At? 2t
Q =35 —
! 22T P12 242
6t(t* + 12 — 4¢2 At?
Oég(t) = %t + ( 1 ) Y
t0 —6t* + 3662+ 72 tt+ 12
. 33 (1 + 60 — 12t2) 6t(t* + 12 — 4¢?)
Oég(t) = §t -+ —
t8 — 16t0 4+ 120¢4 + 720 6 — 6t* 4 36t2 + 72
1) =1+ 10¢(t% + 216t* + 720 — 24t° — 480¢2) 83 (¢ + 60 — 12¢2)
Q =3 —
! 27 10— 30#8 4 36016 — 1200t* + 3600¢2 4+ 7200 3 — 165 + 1204 + 720
2(t* — 2)
) =1_
i) =5 (t2 + 2)2
4212 — 6) (£ + 6
(t4+12)
By(t) = 3 6(t* — 12t% + 12)(¢° + 6t* + 36t* — 72)
I (6 — Gt* + 362 + 72)2
8% (t* — 20t* + 60)(¢° + 72t* — 2160
8,1 — 2 — B ) )

(18 — 1616 + 1204+ + 720)2
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Hence, using the three-term recurrence relation
then

Pi(z:t) = x — t((t +6)

2(t% + 2)
th+ 47 +12) 04 6t + 36t* — 72
T+
th 412 4(t* + 12)
3t(t0 — 2t* + 20¢% + 120 3(% + 40t* — 240
Py(z:t) = 2° — ( h il >a:2+ Uiy ) x
2(t0 — 6t* + 36t2 + 72) 4(t% — 6t 4 3612 + 72)

t(t® + 72t — 2160)

8(t0 — 6t* + 36t% + 72)

20(t% — 1210 + 72t + 240t + 720)

Py(z;t) = 2% — Ul

) 4
Bilwit) = 2" = =5 155 1 12008 + 720
3(¢1° — 10¢° + 80tY + 1200¢* — 2400)
(5 — 1665 1 12064 + 720)
t(t10 — 103 + 120¢° — 240t* — 1200¢% — 7200)
B 2(£5 — 166 + 120¢% + 720) v
. t12 — 1210 1 180t% — 480t% — 3600t* — 43200t 4 43200

16(28 — 1616 + 120t* + 720)
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Generalized Freud Weight

w(w;t) = |z]*exp (=2t + ta?) reR, v>0

e PAC, K Jordaan & A Kelil, “A generalized Freud weight”, Stud. Appl.
Math., 136 (2016) 288—-320

e P A Clarkson & K Jordaan, “Properties of generalized Freud polyno-
mials”, arXiv:1606.06026
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Generalized Freud weight
For the generalized Freud weight
w(w;t) = |z[*exp (=2t + ta?) r€eR
the moments are N
to(t; v) = / 2 exp (—a' + ta®) da

©.¢)

o0
_ / v Hexp (—y2 + ty) dy
0

= 27Dy 4 1) exp(MH) D, (— $V21)

ton(t; V) = / "z exp (—at + ta®) da
nd” e 4 2 2" o
= (—1) 7 (/ 2] exp (—:1: +tx )dx = (—1) 7D

(©,0)

o0
tons1(t,v) = / "z exp (—xt + t2?) do = 0

©.9)

forn=1,2,.... Wll_enyanZ+,then
D_r(— 2V21) = 4/ S {1+ art ()] exp (36) )

where erf(z) is the error function.
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Theorem (PAC, Jordaan & Kelil [2016])
The recurrence coefficient (5,(t) in the three-term recurrence relation

rPy(w;1) = Poa(@;t) + Bu(t) Po-1(z; %),

is given by
d. 7m(tv+1) d. 7t y)
n t; — | , n t; = ]
Panltiv) = =20 Panaltiv) = I S
where T,(t;v) is the Wronskian given by
doy Ao,
n ta — Vy 14 2y 1an—1
with 1)
UV —+
bult) = polt:v) = <0773 exp (4t%) D1 ( — 1V21)
d

Remark: The function S, (t;v) = P In7,(t; v) satisfies

429,\* [ dS, > dS, [.dS, s,
4 (=28, ) +4 0—=n 2= _p—v) =0
(dtQ) (dt S)+ dt(dt n)(dt " V)
which is equivalent to S;y, the Py o-equation, so

Bon(t;v) = Sy(t; v+ 1) — S,(t; v), Bons1(t;v) = Spi1(t;v) — Sp(t; v+ 1)

University of Kent

LMS-EPSRC Durham Symposium, 2 August 2016



Theorem
The recurrence coefficients [3,(t) satisfy the equation

9 2
ddt’é” = 2;n (ddi”) + 58, — 18, + (3° — 300)Bn + 12 T (1)
which is equivavlent to Py, where the parameters a,, and b, are given by
Qop, = —2U — 1 — 1, Aopi1 =V —N
by, = —2n°, bops1 = —2(v +n+ 1)
Further (,(t) satisfies the nonlinear difference equation
R A %t N 2n+ (2v + 1)[1 — (=1)"] 2)

80n

which is the general discrete P;.

Remark: The link between the differential equation (1) and the difference
equation (2) is given by the Backlund transformations

mn 9Mn t | e n— — T 5 T 9Mn t e
Pt = 28, dt ~ ot 45n Pt 28, dt 2 |

45n
with ¢, = in + 120 + 1)[1 — (-1)"].

University of Kent
LMS-EPSRC Durham Symposium, 2 August 2016



The first few recurrence coefficients are:

/Bl(t>:(I)V
202 —td, — v — 1
t) = ——~ -
Ba(t) >0,
D, v+1
t — —_
Bu(?) 202 — 0, — v —1 20,
t D,
Ba(t) =

2w 12) 28 —id, —v—1
v+ 1)+ 20 +4)P, + (v + 1)%
20v+2)2(v + 2)P2 — (v + 1)td, — (v + 1)?]

Bi(t) = vt 2w+ 1) 202t + v+ 1)®, — 4%t
AV t (v + D[(v + 1)®2 + 20tD, — 207]
vt? + (v + 1)(2v + 1)]P2 + 2vt(t* + 4v + 5)D, — 4v*t* — 8% (v + 1)
LD () + (212 — 20 + 1)D2 — 6D, vt + 417]
where
d
D,(t) = —In{ Dy (= 2V28) exp (467) }
1
_ L4 L5 D—V(_§\@t) .
2D L (- VA
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1.2

—

-10 _5 0 5 10 -20 ~10 0 10 20

BQn—l(t;%)y n:1727"'75 BQn(t; %)7 n:1727"'75
Plots of the recurrence coefficients (55, 1(¢; %) and (o, (t; %), n=12...,5, for

n =1 (black), n = 2 (red), n = 3 (blue), n = 4 (green) and n = 5 (purple).
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Hence, using the three-term recurrence relation
P,(x;t) = xP,(x;t) — Bu(t)Py_1(x; ), n=012...

with
Po(z;t) =1,  Pa(xt)=0,  Bot)=0
then the first few polynomials are given by

Pi(z:t)==x
Py(z;t) = 2° — ®,
tP, —

Py(x;t) = 2”42 5 s
P<$_t>_x4+2t<1>3—|—(2t2—|—1)<I>V—2ytx2_ (v + 1)P2 + 20D, — 202
T ¢y + 2P, —2v O + 2tD, — 2w

2012 + v(2t* — 1), — 2v%
P5<37;t)=x5+2(v+) , v ) L

(v +1)P2 4 2vtd, — 202
2262 — (v + 1)?] 02 — dv(v + 3)tD, + 4(v + 2)12

- (v +1)P2 4 2vtd, — 202 !
where (\f )
Dy_, (V21
(1) = 2t — /2
(1 SO
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Ps(z;t; 5)

Plots of the polynomials P, (z;t; %), n=3,4,...,8fort = 0 (black),t = 1 (red),
t = 2 (blue), t = 3 (green) and t = 4 (purple).
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0.5+

_0.5,

—_ ¥ w IN
A )

t=23 t=4 t=2>5
Plots of the polynomials P3(x; t; 3) (black), Py(x; t; 5) (red), Ps(x; t; 5) (blue),

Pgs(w;t; ) (green) for t =0,1,...,5.
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Theorem (PAC, Jordaan & Kelil [2016])

Suppose that the monic polynomials Q,(x;t) are generated by the three-term
recurrence relation

2Qu(;t) = Quia(a;t) + 31— (=1)"]t Qur(z; 1),

with Qo(x;t) = 1 and Q(x;t) = = and the monic polynomials P,(x;t) arise
from the generalized Freud weight

w(w;t) = |z[*exp (=2 + ta?) (1)
Then

and in the limit as t — oo
Py, (x;t) — (:1:2 — lt)” = Qon(x; 1)
P2n+1<x; t) — :C(xZ o %ﬂn — Q2n+1(x; t)

This is due to the fact that for the generalized Freud weight (1), as ¢t — oo
Ban(t) — 0, Bon+1(t) —= 5t
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0.4 1
0.2 1
710.5 05 05 1
] y )
~0.2
041
ﬁgn_1<y; t; %) ﬁ2n<y; t; %)
Plots of polynomials P,_;(y; ¢ 1) and P,y t: 1), for n =1 (black), n = 2

(I‘ed), n—=3 (blue), n =4 (green) and n—=>5 (purple), When 4 — 20, Where
Palyst.v) = GO PPwitv), o= (3012
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)

0.5

0.31

0.2
2
0.2
0.11
/ o\
B\ e/ ./ .
-1.5 2 -0.5 0 . . -1. -
-0.1
-0.2
b
-0.3
-0.47 -0.3-

% 1 0.5 0.5 , O/

n=>5 n==17

Plots of the polynomials P,(y;5,3) (blue), P,(y;10,1) (red) and Q,(y) (black)
for n = 47 57 s 797 where Q2n<y> <y2 o 1)71 and Q2n—|—1(y> — y<y2 o 1)7’6
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Semi-classical orthogonal polynomials
on complex contours

w(x;t) = exp (—32° + to)

e PAC, A Loureiro & W Van Assche, “Unique positive solution for the al-
ternative discrete Painlevé I equation”, J. Difference Equ. Appl., 22 (2016)
656—675
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Consider the semi-classical Airy weight

w(z;t) = exp (—32° + tx)

27i/3 —2mi/3

on the curve C from ¢ oo to e 0. The moments are

po(t) = /Cexp (—12” + tz) dz = Ai(t)

k
pi(t) = /xk exp (—32° + tz) do = %Al( ) = AiM(¢)
C
where Ai(¢) is the Airy function, the Hankel determinant is
itk n—1
Ap(t) = det [dtj — Ai(t)] = W(Ai(t), Ai'(t), ..., Ai" V(1)
j,k=0

with Ay(¢) = 1, and the recursion coefficients are
d Apa(t) d . W(AI),A(t),. .., Ai"(t))
an(t) = —1In = —1In -
At An(t) At W(Ai(t), Al'(t), ..., A"V ()

Bn(t) :%IHA ():j—an(Al() (t),..., A" V()

with . A
ap(t) = —InAi(t) = Ali(<t)>’

dt
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The recurrence coefficients «,(t) and 3,(t) satisfy the discrete system

(an + O‘n—l)ﬁn —n =20
ai+ﬁn+ﬁn+l —t=0
and the differential system (Toda)

do, A6
dt - 6n+1 - Bna dt - ﬁn(an O‘n—l)
Eliminating «,,_; and 3, between (1) and (2) yields
den dﬂn
- - = 2 nMn —
m o, — 28, +t, g a8, —n

Letting z,, = — 3, and y,, = —«,, in (1), (2) and (3) yields

Tp + Tptl :yi_t
xn@n - yn—1> —n

dx, < ) dy,
= Tp\Yn—1 — Yn), = Ip — Iy
dt YUn—1—Y P +1
and
@ dt Y

LMS-EPSRC Durham Symposium, 2 August 2016

(1)

(2)

(3)

(4)

(5)

(6)
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Consider the system

% =y — 2w, —t, ddftn = =2y, + 1N
e Eliminating z, yields
d;;” = 2y — 2y, — 2n — 1
which is equivalent to
j—zq:2q3+zq+n+%

1.e. Ppwitha =n+ %
e Eliminating vy, yields

2z, 1 [fdx,
dt

2

’ n
) + 422 4 2z, — —
20,

dt* 2w,
which is equivalent to
dQU: 1 (dv 2—2v2—zv—n—2
dz?  2v \dz

an equation known as P;,.
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The Airy solutions of the equations

d%y, 5 Ai'(t)
_ _ — 9 — 1 — _
T2 = W~ 2y — 20— 1, yo(t) A
d%x 1 (dz,\° n?
L L Ax? + 2w, — — t)=0
At 2z, ( dt ) RS 2%y, 7o(t)
are
W(Ai(t), Al (1), ..., Al D
= A 4 WD, A, A )
At Tpalt)  dt T W(AIR), AT(2),..., Ai"(t))
d? d?
Tn(t) = - In7,(t) = —d—thnW(Ai(t), Ai'(t), ..., Al D(1))
where
itk n—1
To(t) = det [ T Al(t)] = W(AIi(t), Al'(t), ... ,Al(”_l)(t)), n>1
dt’™ 5.k=0
and 7y(t) = 1.
Ast — oo

on+1 12n2+12n+5 (2n+1)(16n% + 16n + 15)

() =t/ +O(tH?
n(t) T 202 64 14 )
n n?  bn(dn*+1) n*(8n*+7)
W) = - —~ Ot 137
Zalt) 2t1/2 4¢2 i 64 ¢7/2 16 ¢ + Ol )
University of Kent

LMS-EPSRC Durham Symposium, 2 August 2016



An Alternative Discrete Painlevé I Equation

Ai'(t)
Ai(t)

Tp + Tptl :yi—t
xn@n -+ yn—1> = n

ZC()(t) = O, y()(t) = —

e PAC, A Loureiro & W Van Assche, “Unique positive solution for the al-
ternative discrete Painlevé I equation”, J. Difference Equ. Appl., 22 (2016)
656—675
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Ai'(t)
A

Tp + Tpat :yfl—t
le(yn -+ yn—1> —n

ro(t) =0, wolt) =

The system is very sensitive to the initial conditions [50 digits]

12 12
10- 10- )
8 8
[ /’
..//
v,(0) 6 x,(0) 6 ..-""..
o
. o’
4 o 4 e :
200 — ..””’
en00e®® °
5 .”’.”..,..»"'” 5 ,.-’f
o . ’
7 s
0 ‘ = 0
0 10 20 30 40 50 60 0 10 20 30 40 50 60
n n
Ai'(0) I'(%)
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0 20 40 60 80 100

10(0) = 0.7290111...

121

10 1
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Tn + Tyt :yi—t
ajn(yn + yn—l) =N
Solving for x,, yields

n—+1 N n
Yn + Yn+1 Yn =+ Yn—1

which is known as alt-dP; (Fokas, Grammaticos & Ramani [1993]).
We have seen that y, and z,, satisfy

dt* 2
d’x 1 [dz n?
s = & 4a? 4 2z, — —
dt* 2z, ( dt ) A, 21,
which have “Airy-type” solutions
d . 7(t) d?
Y () dt nTnJrl(t) L () dt2 DT()
where
itk n—1 | ] -
T,(t) = det [dt«”k Al(t)] = W(Al(t), Ai'(t), ..., Al (t)), n>1
7,k=0
and To(t> = 1.
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Theorem (PAC, Loureiro & Van Assche [2016])
For positive values of t, there exists a unique solution of

Tn + Tnit Z?J?z—t
To(Yn + Y1) =10
with xy(t) = 0 for which x,.1(t) > 0 and y,(t) > 0 for all n > 0. This solution
corresponds to the initial value
Ai'(t)
t) = — |

Theorem (PAC, Loureiro & Van Assche [2016])
For positive values of t, there exists a unique solution of
n+1 n
_|_
Yn -+ Yn+1 Yn + Yn—1

for which y,(t) > 0 for all n > 0. This solution corresponds to the initial
values

Ai'(t) 1

Yo(t) = TAIL) y1(t) = —yolt) + 20 —1
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Lemma If0 <t <t then

Yn(t1) < yYn(ta), Ty(t1) > n(t2)
i.e. y,(t) is monotonically increasing and x,(t) is monotonically decreasing.

Lemma For fixed t with t > 0 then

VE<ynll) < gunrlt),  — > Dol 2ol

2/t n n+1

O T T T 1 0 T T T 1
0 5 10 15 20 0 5 10 15 20

t t

ya(t), n=1,5,10,15,20 Lr,(t), n=1,510,15,20
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Question: What happens if we don’t require that ¢ > 0?

d . 7(t) itk ]”1
(1) = ——1In : Tt — Ai(t
nit) =~ (1 )|
3
2/
-
A
) -2 0 2 4
| ! 2 4
-1
) -0.5
yn(t), n=1,2,3,4 lr,(t), n=1,2,3,4
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Question: What happens if we have a linear combination of Ai(¢) and Bi(#)?

2

d d
Yo(t; ) = I p(t; ), r1(t;0) = — 0z In ¢(t; 1)

©(t; 1) = cos(V) Ai(t) + sin(d) Bi(t)

yo(t; V) x1(t; )

1
=0 m.o g g g lp 1y

» 100071002510 5 0 2
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Airy Solutions

d2
d—ZZQC]BJrZC]JFOé Py
z
dp 1 (dp\’ 3 2 1 12
Pa=5\ 4 +2p° — 2p” — 5(a+3) Psy
20\’ o\’  do [ do
<@) +4(@> L (z@_a) = jla+3)° S

e PAC, “On Airy Solutions of the Second Painlevé Equation”, Stud. Appl.
Math., 137 (2016) 93—-109
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Airy Solutions of P, P3; and Sy;

12 =2¢) + 2qn + N+ 3 Py
dp, 1 (dp,\’
d%o : do, \* do do
n A n 9 n no_ _ 1,2 S
(5) 4 (F) v (o) =i :
Theorem
Let

©(z; 1) = cos(¥) Ai(() + sin(v) Bi((), (=—2"13;
with ¥ an arbitrary constant, Ai(() and Bi(() Airy functions, and 7,(z) be
the Wronskian

Ji+k n—l1 d dqn—1
To(2;9) = det [ ¢] =W (gp, e gp>
j,k=0

dz/ Tk dz’ 7 gt

then
d . 7y(z0) & d
(s10) = TS p0) = 25 0), ou(ei0) = -l

respectively satisfy Py, Py, and Sy, with n € Z.
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Airy Solutions of Py

n =2, 1920,%# 2r.m n =3, 19:(),%77 ST,

2
3 73
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Airy Solutions of Pj; with a = 3
(Fornberg & Weideman [2014])

o(z:0) = cos() Ai(—27Y32) + sin(¥9) Bi(—2732)

=0 f=10"% 8==/3
* o o o
(5] o
8 .D'G '::"D.(j
Bt o s e D.G'c.
ow o ok _ @
4r o .9 a® i
a5l o oo ol CL 0o oaaon e 0 & on
.- . e am a . s 0w o & s 88
= 0 O—O0—0—0 £ 0 O C— 00
F . @8 B9 ow Q I N C o8 @ B @
—2 T o O O O CI'C'- o o oo (sl o D GO0
Q
—4} ] ce O, o® =
o -
L Og " e
o cos Owe"” o @ ©
-5 .Q'(J G'D.G
= Cg O
E:-:l.‘ l'.?—-r.'l'.'l'.,-'lﬁ H_ET_'“J—E
5Ly — e T g — 5 : —
B D.C'U OR o8 .'.l'_":l-'[:,
o% 5@ oW @ L.D.:}
L L =
6 oR .8 L a% - e ,_.ﬁ.ﬂ .c:-
a4 F (=l ] oo o. . 0.{'\: .
ot [« 0w o o O o g G.G.G 0 o oo
= o - L BN I Fo X * 8 28
= 0 i O D0 - O
o ¥ | e ® &8 O m s 8 8@
il ks o e o o ©009 ::G.ﬂ o o000
L 0
— [ '-D & e D.r G.G.-_O
gt O S e o 0@ D.C‘I‘}
L i, P ce Ce © oa 0@°
—= T O Og 9 C.-,C.':‘ " .C'
Ce. @ Og O 5
8642 0 2 4 6 B S2-6—4-—2 0 2 4 5 8 8-65-4-2 0 2 &4 6 8
X T T

blue/ denote poles with residue +1/ — 1
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Tronquée Solutions of P;; (Airy with v = 0)

d . 7(z;0) deg d" g
n\<, O — 1 ’ n\ <, O — Yy 1 9ty o o1
0n(2;0) dz nTnH(z;O) (2 0) =W (SOO dz dz" 1

with oy = p(2;0) = Ai(=271/32)

20 / 20 / 20 ,
/ 7 /
/ v /
c/ '/ ./
10 7 10 7 10 J
/ 7 /
/ v /
/ / /
/ / e /
. ° :::::::::::: ® 0600000000
——— ¥ e & o 90900000000 —_— X & & & 50000000069 —_— e e & o s eessss0e
L4 o000, -~ .o aY e e e 9gpeeeeesen
-20 -10 VRN L AU -20 -10 0 % % % WRLLLLLLtD -20 -10 0 .: .:.:,IQ:..............IO
\ z \ z \ ‘
\ \ \
\ \ \,
-101 \ -101 \ -101 \
\ \ \
\ \ \
\ \ \
\ \ \
20 -20- . 20

Plots of the poles of ¢,(z;0) for n = 2, 3,4; the blue and red circles represent
poles with residues +1 and —1, respectively.
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Airy Solutions of Py

d*q,
quZ = 2q§b+zqn+’n+%
Theorem (PAC [2016])
Let q,(z; 1) be defined by
d . 7mo1(z;0)
) = —1 > 1
4nl2:9) dz To(z;0) "=
with
J7+k n-1
To(2;0) = det [dzj+k {cos(z?) Ai(=2713 2) + sin(¥9) Bi(—27/3 z)}] .

then as z — —oo

)
(=2)'2 2n—1 120> —12n+5 VT
V2 4z 16v/2 (—z)>/2 =) i
(—z)1/2 . on—1 12n*—12n+5

V2 4z 16v/2 (—2)5/2

Qn(z;ﬁ) = 4
+0 (7Y, if0+#0
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Airy Solutions of Py,

10 4

n = 3, 1920,%#,%#,77
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Airy Solutions of Py, Pu(2;0) = —2—5In7,(2;0)

dz

Pl
—

uf
[ [
v T o - ‘ = y
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Airy Solutions of Py,

d*p, 1 (dp, 7 3 2 1.2
.29 (@) +2p, — 2p, — 3n
Theorem (PAC [2016])

Let p,(z; 1) be defined by

n

d
pa(z;0) = —25 In7,(z;9)
with
Ji+k n—1
To(2; ) = det [dzj+k {008(19) Ai(=27Y3 2) + sin(d9) Bi(—27/3 z)}] .
then as z — —o0
( 2 2
n n Sn(4n” +1) 5 .
— =+ + O , i Uv=0
| B \/i (_2)1/2 9 52 16\/§ <—Z)7/2 (Z ) f
Pn(zaﬁ) = 2 2
B n ~n° Sn(dn+1) LO(T), if 040
VI 27 A |

and as z — o0
pan(2;:0) = nv2 2712 cos (%\[2 2% — mr) + 0(2_1/2)
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Its, Kuijlaars & Ostensson [2008, 2009] discuss solutions of

2
uﬁ% — 1 % + du? + 2tu? — 257 (1)
ds2 2\ J¢ 5 5

with 5 a constant, which is equivalent to P;, through the transformation

p(z) = MWuylt),  t=-27%  p=ln

in a study of the double scaling limit of unitary random matrix ensembles.

Theorem (Its, Kuijlaars & Ostensson [2009])
There are solutions us(t) of (1) such that as t — o
B2 L O(t72), as t— oo
us(t) = ) ( Z (2)
B(—t)"2cos {3(—1)%? — B} + O(t7?), as t— —oo

o Its, Kuijlaars & Ostensson [2008] primarily study uy(t), i.e. when n = 2.

e Letting 5 = n in (2) shows that they are in agreement with the asymptotic
expansions for p,,(z;0).

o Its, Kuijlaars & Ostensson [2009] conclude that solutions of (1) with
asymptotic behaviour (2) are tronquée solutions, i.e. have no poles in a
sector of the complex plane.
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Airy Solutions of Sy;

n =3, 19:(),%% 2r,m n =4, 19:(),%77 LT

2

) 3 73
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n—1

d dj+k:

Airy Solutions of S, on(s0) = et [ i
Af&ﬁéféﬁk&

z

n=2 n=4 mnmn=6, n=3_8
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Airy Solutions of Sy;

120, \’ do,\’  _doy, [ doy, 1 2
(d22> +4<dz> +2dz (Zdz —0) = in
Theorem (PAC [2016])
Let 0,(z; 1) be defined by

on(z;0) = (f—zln Tn(2;0)
with
) — det | ) Ai(—271/? in(d) Bi(—2"'/ -
To(2;9) = de T {cos( ) Ai(— z) + sin(¥) Bi(— z)} e

then as z — —o0

( (. \1/2 2 An2 11

] L Y B YO S

plzi) =] VE o, IV
e n(=2)"2 n?  n@n®+1)

+ +
\ V2 4z 16V/2(—2)5/2

Oz, if 6+0

and as z — o0

oon(2;0) = 22 {n — sin (%\/5 237 mr) } - 0(2_1)

Z
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2 2

n n n
. : 4 3/2 1
O'n<Z,O>, S_Z_QSIH (g 22 / —§n7r), 8_2
0.5 17 21
\
0.4\ h 0.8 L
\ \
0.3 N 0.6/ N
N N
0.21 U 0.41
U 0.5
0.1 : 0.2-
o 10 15 20 o 10 15 20 o 10 15 20
n=4 n =0 n =3
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Conclusions

e The coefficients in the three-term recurrence relations associated with
semi-classical generalizations of orthogonal polynomials can often be ex-
pressed in terms of special functions solutions of the Painlevé equations.

e These recursion coefficients can be expressed as Hankel determinants
which arise in the solution of the Painlevé equations, in particular the
Painlevé o-equations, the second-order, second-degree equations associ-
ated with the Hamiltonian representation of the Painlevé equations.

e These Hankel determinants arise in the special cases of the Painlevé
equations when they have solutions in terms of the classical special func-
tions, the “classical solutions” of the Painlevé equations.

e The moments of the semi-classical weights provide the link between the
orthogonal polynomials and the associated Painlevé equation.

e These ideas can be extended to orthogonal polynomials in other contexts:

x discrete orthogonal polynomials (PAC [2013]);
x orthogonal polynomials with discontinuous weights and
orthogonal polynomials on the unit circle (Smith [2015]).

e These results illustrate the increasing significance of the Painlevé equa-
tions in the field of orthogonal polynomials and special functions.
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Thank You!
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