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Classical KP
KP: a (2+1)-D integrable equation for ¢ = ¢(o, x; t).
Let x,t € R, 0 € R/27Z = St.

Pto — Pxx — 25(90()00')0 + YPooo0 = 0

Two cases: v > 0 ~ KP-I, v <0 ~ KP-II.
Poisson bracket:

{o(0,x), (1, y)} =2n0'(c = 7)d(x —y), o,7€S', x,y€eR

Fix the symplectic sheaf ot the PB:

27
/ dop(o,x) =0 VxeR.
0



Classical KP: Hamiltonians

Local (in x) commuting Hamiltonians
2 o)
d
H,,:/ "/ dx hy(0,x),  p=0,1,2,...
0 2m —o0

ho(0.x) = 5 (9, P9) (05¢) + O(B) + O(7), B,y —0

N~

for instance,

15

h0(07 X) = 5 2 (07 X):
1

(o) = 5 (055) (0.9,
1,

halo,x) = 5 (0:%0) (B¢) + 5% + L (0,07

{Hp,Hq} =0



Classical KP: equations of motion

atp = {" HP}

Pty = Po,
Pty = —¥x
ty — ac:lsaxx + 26@900' — YPooo-

Galilei transform x := x + 2vt, 0 := 0 + vx + V2t
Infinitesimal Galilei boost:

2
d
:/ U/ dx xhg(a, x) {¢, B} = xps

{Hp, B} = —pHp—1.



Quantisation

Correspondence principle [-, -] ~ iA{-,-}

[p(o,x), o(T,y)] = 2710' (0 = T)d(x —y), ¢ =¢.

Fourier components

(0,x) = Zan x)e~ino,

nez

_ et ino
an(x) = /0 o o(o,x) e,
form the Heisenberg (oscillator) Lie algebra

[am(x), an(y)] = MOm+n0d(x — y),

Take h.w module a,|0) =0, n > 0.



Bosonic WV operators
Let
Wo(x) = n"2ap(x), Wi(x)=n"%a,(x), neN, xeR,

[\Ilm(x),WL(y)] =0mnd(x—y), Wm(x)|0)=0, mneN, x,y €R.

Normal ordering prescription for Hp1o:

ng/%da/ dx:f (0.x):=Y m / dx W ()W n(x),
meN
le/zw da/ - 0) (0x0) -

:—12/ dx W1 (x) B,V n(x)

meN



Quantum Hamiltonian

2w
sz/ da/ 5 w)(0290)+§<p3+2(3 )

:—Z / dx W (x) 82V 1 (x)

meN
+ Z Bmlmg / dX [w1,;71+m2( )wml (X) \Umz(X) + hC]
my,maeN
+ ) Ym / dx W ()W (x)
meN
where

Bmlmg — Bmgml — B \/(ml + m2)m1m27 Ym = 7m3'



Features of the model

» Galilean invariance

B = /OO dxx : %g02(0, x) = Z m /0; dx xUT (X)W (%)

o meN

[Ho,B] =0,  [Hy,B]=—iHy,  [Hz,B] = —2iH;.
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Features of the model

» Galilean invariance

B = /OO dxx : %Qf(a, x) = Z m /0; dx xUT (X)W (%)

o meN

[Ho,B] =0,  [Hy,B]=—iHy,  [Hz,B] = —2iH;.

» (3 =0: free theory, ym>: the rest energy

» Unitary transform W, — -V, Wl e —wl, equivalent to
B+ —f, hence may assume 3 >0

» Only Hy = M conserved. Particles merge/decay
my + my <> my + my. Cf. Lee model (1954), N-waves model
(Manakov 1976; Kulish 1986), continuous Heisenberg magnet
(Sklyanin 1988)
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Quantum integrability?

» Higher Hamiltonians? — no chance for normal ordering recipe
to work

> Lax operator, R-matrix? — needs investigation, leave for
further study

» Coordinate Bethe Ansatz! Factorisation of multiparticle

S-matrix into 2-particles ones

Main result: General formula for the Coordinate Bethe Ansatz is
conjectured VM. Verified by computer algebra (Maple) for M < 8.



Combinatorics of compositions

A composition m of an nonnegative integer M € N is defined as a
sequence m = (my, ..., my) of m; € N such that

my+ ...+ my=|m| = M. The number N = ¢(m) is called
length of the composition, and M = |ml| its weight. The number
of compositions of M equals 2M-1.

Introduce a partial order > on the set of compositions: m > m
means that /(m) = ¢{(m) — 1 and m can be obtained from m by
replacing an adjacent pair (mj, mjy1) for some i =1,...,¢(m)—1
with mj + mjy1, that is

(ml, ceeyMi—1, M, Mig1, Mig2, ..., mN)7

m =
m = (m17 ceey M1, M+ Mgy, Mig, ... mN)



Compositions hypercube

(11) (111) (1111)
y SN LN
(2) (21) (12) (211)  (121)  (112)
N LSS oLy
(3) (31) (2$2) (13)
(4)
() M =2 (b) M =3 (OM=4

Figure : Composition hypercubes



Fock space

The mass-M sector F)y of our Fock space F is the eigenspace of
the mass operator Hp corresponding to the eigenvalue M.
Respectively, Fy; splits into the orthogonal sum

Fm = @ ‘7:1\,/']17

m: |m|=M

where ' is spanned by the vectors

N
m
— T H
‘f> = /VVN dxy...dxy fN<X> jlzllwmj(xj)|0> S fl\Ta

()

Wh={xeR": xy <x<...<xn}.

2

||fH2:/ Xm...dXN
Wi

where the Weyl alcove Wy is defined as



Eigenvalue problem for H,

“Bulk” differential equation and “jump conditions”

N
my ... my\ 1 my
Afi (xl XN) B Z( m; % +7m") fu (X1

i=1

N
+Z Z Bn1n2 fN+1 (rzll

k=1 ny,meN
ni+nx=my

my
X1

[(mi Ox; — Miy1 8Xi+1)fN] (

+ [(mig1 By — m; Oy, )] (r::

my

+2m;mj1Bm; mi,, IN-1 <X1

1

Mmyg—1 N1 N Mgy
Xk—1 Xk Xk Xk4+1

mijqq mj
Xj — 0 X; + 0
mj mjq
xi—0 x;+0

mi_1 mij+mjr1 Mjy2
Xi—1 X; Xig2

my
XN
my
XN
my
XN
my
XN

=0.

my
XN



Equations in sector M = 2

Boundary problem:

11\, o 11
ai(y ) =GR ey ).

2\ [ 1., 2 11
A <X1) = <—28X1 +’Y2> fi <x1> + P11 f <x1 X1> :

2[(0x, — O0x) ) <j xll) +2p11h <51> =0

1

Ansatz:

f2 (1 1) _ ei(u2x1+u1X2) + Szlei(ulxl+u2x2), x| < Xo.

f (2) — Rellutu)x
X1



Solution in sector M = 2
Algebraic equations for A, S>1, R

Uf + U5+ 271 = A,
1
(2(U1 +w)? + 72) R+ f11(1+ S21) = AR,
i(up — 1) +i(u1 — u2)S21 + f11R = 0.
Solution:
P(iu)
P(—iu)

521 = 5(U2 — u1), S(U) = —

where P(v) is the cubic polynomial

P(v) = v 4 12y v — 452,

R 4if11u01 _ 44/2iBuny
P(—iu21) P(—iup)’

Upl = Up — U1.



Polynomial P(v)

P(v) = Vi 12y v — 4[)’2
Discriminant D = —432(1673 + 34)

O

O OO O
o
(a) aKP-I: D <0 (b) gKP-Il: D >0

Figure : Zeroes of P(u)



Poles/zeroes of S(u)

o| o
[ J [ J
(a) gKP-I: D < 0 (b) gKP-l: D > 0

Figure : Zeroes and poles of S(u)



Bethe Ansatz in sector F,(wl'”l)

Let &y, be the permutation group of (1,..., M). Let
u=(uy,...,upm) be the vector of momenta, and v = iu. Define
the action of a permutation 5 = (s1,...,5y) € &1 ) on functions
of v by substitutions s : vj — v;;. Then, for a plane wave

exp(v - x) =exp(vaix1 + ...+ vuxm)
we have

s(exp(v - x)) = (exp(s(v) - x)) = exp (Ve;x1 + ... + Ve, xm1) -

Conjecture 1. The F,(\}"'l) component of the eigenfunction of H;

can be chosen for x € Wy 1 as

fl\/l<1 1): Z sgn(s) HP(Vsk_Vﬁj) s(exp(v-x)),

X1 ... X
M €S M) J<k



P-operator

Note that the Bethe eigenfunction is antisymmetric in v: a special
polynomial normalisation invented by to Michel Gaudin (1983) in
case of QNLS.

Let

Pv)= J] Pw-v)

1<j<k<M
and define the linear operator

P:ogv)m > sen(s) P(s(v)) g(s(v)).

EEG[LI\/,]

Then
f/\//<1 1>:‘B(exp(v~x)).

X1 ... XM



Bethe Ansatz in generic sector

Given a composition m = (my, ..., my), let
my my my
V=(V1 s Vi Vmyls -« s Vgt e s Voy e o o5 V..0),
=wi =wi =wj]

and let (w) denote the sum of the components of a vector w, e.g.
(v)=vi+...+vum.

Proposition. The Bethe eigenfunction in the generic subsector /7
can be written in the form

(T ) (@) e (W ) ),

where the polynomials Q™ (v) factorise as

N
Q™(v) = [[ @™ (wi)
k=1



Equations for QM)(v)

Let K(v) = v2+ ...+ v —(vi+...+vm)?/M
Vingm, = m2(vi + ...+ Vimy) — M (V41 + « -« + Vinytmy )
Bulk & jump equations are:
(K(v) + (M? = M)y) @M(wa, ..., vi)
0.

/ n n Ry
+5 Z n1n2MQ( 1)(V]_,-..,V,71)Q( 2)(Vn1+17"'aVM):
ny,np>1
n11+n§:I\/l
Vm1m2 Q(ml)(vla ceey le) Q(mz)(vmlJrla ) Vm1+m2)
+ Vm2m1 Q(m2)(V17 DRI sz) Q(ml)(vm2+17 DRI Vm1+m2)

‘B
+ 2mim2Bm, Bm, Q(m1+m2)(v1, ey Vmg+m,) = 0.



Solution

Let Q(l)(v) =1 and, for M > 2,

1-M L. _
Q) = MOV 5= oy (M Y

1<i<j<M
Conjecture 2. The above polynomials Q(M)(v) = 1 satisfy all the
BA consistency equations.

Verified by computer algebra for M < 8.

Caveat. A direct verification of B-equivalence, by summation over
M permutations, is unpractical for large M because of the
exponential growth. What was verified instead, it is a set of
stronger sufficient conditions that have only polynomial
computational complexity.



2-reducibility

Recall that
P(v) = v3 + 12y v — 452,

Let vj = v; — vj, and P; = P(v; — v;). Assuming M > 2, we shall

2
say that a polynomial F(v) is 2-reducible and write F = 0 if F(v)
admits a decomposition (not necessarily unique)

M-1
F(v) =Y Piit1Gi(v)
i=1

with some polynomials G;(v) symmetric under permutation
Vi <> vjq1 for each J.

Proposition. If F é 0 then F 2 0.



3-reducibility

Assuming M > 3, we shall say that a polynomial F(v) is

3-reducible and write F = 0 if F(v) admits a decomposition

M-2

F(v) = Z (Vi = 2vj1 + vit2) Ji(v)

i=1

with some polynomials J;j(v) symmetric w.r.t. permutations of
{vis Vi1, viga}

Proposition. If F 2 0 then F 2 0.



Open questions

» Complete proof of the BA consistency VM



Open questions

» Complete proof of the BA consistency VM

» Lax operator, R-matrix, algebraic Bethe Ansatz, underlying
algebra



Open questions

» Complete proof of the BA consistency VM

» Lax operator, R-matrix, algebraic Bethe Ansatz, underlying
algebra

» Classical solitons vs quantum bound states



Open questions

v

Complete proof of the BA consistency VM

v

Lax operator, R-matrix, algebraic Bethe Ansatz, underlying
algebra

v

Classical solitons vs quantum bound states

v

Generalisations: multipole S-matrices?



Open questions

v

Complete proof of the BA consistency VM

v
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v
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Affine Toda field theory

v



Toda FT

Affine Ay_1 Toda field theory (Arinshtein, Fateyev, Zamolodchikov
1979)

N N
1 2M? B
— § O — T E " (p: —
L 2 P aM‘)OI 0 Pi /82 pat exp |:\/§(QOI QDI+1:|

2-particle S-matrix

S0 — sinh <g + /\/111) sinh (g — /\/1-71:1 + ig) sinh (% — ig)
n(0) = - 0 ir ) 0 , ir__ b\ 9 b\
sinh (5 — a1 ) sinh (5 + g7 — i3 ) sinh (5 +i3
Upon rescaling
2k~ Yy 2k~ Y
= and =
N-+1 N+1

then sending N — +00 one obtains the rational (nonrelativistic)

degeneration

Bt u(k?+ 72— k7)) —ikT(K— T)

B+ u(k?2+ 72— k1) FikT(R=T)

Jlim, 1(0) = S =



