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Plan of the talk

1. From Frobenius manifolds to flat and bi-flat F-manifolds.
2. Bi-flat F-manifolds and Painlevé transcendents

3. Bi-flat F-manifolds and complex reflection groups



Frobenius manifolds (Dubrovin)

Definition

A Frobenius manifold (M, o, 7, e, E) is a manifold equipped with an
associative commutative product o, two distinguished vector fields e
and E, a flat pseudo-metric n:

e 1) is invariant w.r.t the product: niCj, = 1Cjs.

o the Levi-Civita connection V is compatible with the product:
Vka/ = Vjcy-

e ¢ Is the unit of the product and it is flat: Ve = 0.

e VVE =0, [e,E] = e, LiegC), = C},, Liegn = D).

The product is called semisimple if there exist special coordinates s.t.
cl, = o0lo).
K J7k



Duality

» a second contravariant flat metric g called the intersection form
and defined as g/ = n'c) E.
e dual product:
XxY:=E'oXoY (1)



o Topological field theory: from the previous axioms it follows
that in flat coordinates

Cl = 1" 010;0kF

The Frobenius potential satisfies the WDVV equations.
¢ Integrable (bi)-Hamiltonian hierarchies:

Ply=n"ox =", Pl = g"ox — g"bjuf.
¢ Painlevé trascendents: in canonical coordinates the metric n
becomes diagonal. It turns out that the the rotation coefficients

B; are symmetric and satisfy the system

OkBij = Bix By, e(B;) =0, E(Bj) = —Bj,

which is equivalent to a one-parameter subfamily of PVI.



Flat F-manifolds (Manin)

Definition
A flat F-manifold (M, o,V , e) is a manifold M equipped with the
following data:

1. a commutative associate producto : TM x TM — TM with flat
unit e.

2. aflat torsionless affine connection ¥V compatible with the product:

i i
V}(Cj/ - Vjck/.



Oriented associativity equations

In flat coordinates . '
Cj{k == 8/3kA’

The vector potential A’ satisfies the equations (e = 94):

D:OANORA = 0O A ORA
]
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Principal hierarchy for F-manifolds with compatible flat

connection

Integrable hierarchy:

ul=ch Xk, i=1,..n
where ‘ .

CnViX™ = ClnViX™, ijok=1,.0n. )

Primary flows: u{(p‘o) = q;(X(’;J’O)LA(, i=1,..n
X{, 0P =1,...,nis abasis of flat vector fields.
Higher flows: u;'(p_ = = Cj, X" uj, i=1,...n
where: '

ViXlp.o) = ChXfp.a 1) ij=1,...n.

In flat coordinates the flows of the hierarchy are systems of
conservation laws.



Invariant metric

Suppose now that there exists a metric n saisfying the following
properties

o Vn= 0
* 7is invariant w.r.t the product: n;cl = njcl.
then

e Flat F-manifold=Frobenius manifold (without Euler vector field)
e 1Al = 9;F: oriented associativity equations becomes WDVV
associativity equations.

o the principal hierarchy becomes Hamiltonian w.r.t. the
Dubrovin-Novikov bracket associated with 7.



Lenard-Magri chain without Hamiltonian structures

Classical Lenard-Magri chain
Pydhp,0) =0, Paydhip,i1) = P2)dhip,
can be also written as
VXpoy =0, VX 1) = VO (Eo X)) -

"Compatibility”: (dy — dv+)(X o) =0, VX, where dy is the exterior
covariant derivative: (dyw), = o(~1YV;w!

Wiy By i



Bi-flat F-manifolds

Definition

A bi-flat F-manifold (M, V,V*, o, x, e, E) is a manifold M equipped
with a pair of flat connections V and V*, a pair of products o and x on
the tangent spaces T,M and a pair of vector fields e and E s.t.:

o E is an Euler vector field: [e, E] = e, LieCj, = Cj.
the product o is commutative, associative and with unity e.

the product x is commutative, associative and with unity E. It is
definedas: X« Y =E "o XoY,VX,Y.

V is compatible with o and V* is compatible with x:
e Ve=0andV*E =0,
(dy — dg+)(Xo) =0, VX.



Classification: the semisimple case
In canonical coordinates
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Flatness conditions

Let Ry be the Riemann tensor of the connection V), E1) = e and
E(2) = E, then the condition R = 0 splits in two parts:

1. [Lieg,, V(»](T) = 0, for any tensor field T.

2. geometric version of Tsarev’s conditions of integrability:
Zo Ry (W, Y)(X)+Wo R (Y, Z)(X)+ Yo Ry (£, W)(X) =0,
for any vector fields X, Y, Z, W.

In canonical coordinates for o the first condition reads
E(l)(rﬁj) = —(3J'Eé/))r§/" i#]
and the second condition coincides with

O+ T = Tl = T = 0, i # K j 1.



As a first step we have to solve the system

Eo)(T}) = [01+ 0+ 0]} =0,
Eny(Tj) = [U'0r + uP0z + uP0s]T); =

the solutions of which are given by

r}2:/:12 (m ui) . Fi3 (m UZ>

U1 —U2 ; 13 U _u3 )

Iy »B

2. _ Fas (u‘ uz) 3 Fa1 (u‘—u2>
23 UZ*US ) 31 U37U1 ;

where Fj, i # j are arbitrary smooth functions.

Tk

Ij?




Imposmg Tsarev’s conditions and introducing the auxiliary variable

7= U= u2’ we obtain the system

dFi2 _ (Fi2(2)Fes(2) — Fi2(2)Fi3(2))z — Fi2(2)F2s(2) + Fs2(2)Fis(2)

dz z(z-1)
dFo1 _ (F21(2)Fas(2) — Fa1(2) F13(2))Z + Fos(2) F31(2) — Fas(2) Far (z)
dz 2(z—1)
s _ (Fa(2)Fes(2) = Fra(2)F1a(2))2 = Fra(2)Fes(2) + Foe(2) Fis(2)
dz z(z—1)
dFs; _ (=F31(2)F12(2) + F21(2)F52(2))Z + F31(2) F32(2) — Fa1(2) Fa2(2)
dz z(z—-1) ’
@ _ (F21 (Z)F23(Z) — P54 (Z)F13(Z))Z + F23(Z)F31 (Z) — F23(Z)F21 (Z)
dz z(z—1) ’
dF32 _ (_F31 (Z)F12(Z) + F21 (Z)FSZ(Z))Z + F31 (Z)F32(Z) — F21 (Z)F32(Z)
dz z(z—-1) ’

(4)



It is straightforward to check that the above system admits three
linear first integrals

I = Fi2+ Fis, )
b = Fo3+ Fo, (6)
I = F31+ Fa, (7)
one quadratic first integral
ls = F31Fiz + Fi2Fo1 + FosFao. (8)

We consider also the cubic first integral

Is = —hls+li bl = Fo1 FiaFao+FioFos Fa1+(b— k) Fig Fa1+(lh — ) Fag Fao.



Theorem

Let (F12(Z)7 Foq (Z)7 F13(Z), F31 (Z), Fgg(Z), F32(Z)) be a solution of the
system (4) and dy, d», d3, g1, Q2 the values of the first integrals

I, b, ks, I4, Is on this solution, then the function

f(z) = FosFaz + zF12F21 — % is a solution of the equation

[2(z — 1)"]? =[ge — (o — db)ge — (dh — B)gi]* — 4F'gige,  (9)
where gy = f — zf' + % and go = (z — 1)f' — f + 4. Furthermore,

equation (9) reduced to the sigma form of the generic Painlevé VI
equation by means of the following transformation

= —0(2) ~ 3(dh — bz + 4(ch — b)(ch — b).



Conversely, given a solution f(z) of the equation
[2(z = 1)f" = [z — dhage — diagn]® — 41 g1

where gy = f—zf' + & and go = (z — 1)f' — f+ %, define dy as a
root of the cubic polynomial

A3 — (2013 — do3) N2 + (d% — diados — 1)\ + Q1013 — Q2

and db = dy — d13 + (1237 d3 =dy — d13, then the solution {F,/(Z)} is

pf’ ( g1> ( pf’ )
Fo=t—t"  Fet(-9) Fg=at(d- 1T
2 pde — gy’ 2 2 " ' udk — gy
F31 = :t(—/L+d3), Fo3 = i%, Fazo = +u

where the choice of the sign in a neighborhood of a point zy # 0, 1
depends on the sign of f’(zy) and . satisfies

(f/ — d1 dz)uz + (d1 d2d3 + d1g1 — d2g2 — dsf’)/i - d1 dsg1 + 9192 = 0.



Regular non-semisimple case

The manifold M is assumed to be regular, which means that for each
p € M the endomorphism L, := Epo : T,M — T,M has exactly one
Jordan block for each distinct eigenvalue.

For three-dimensional manifolds, this gives rise to three cases,
corresponding to L1, L, and L3 given by:

XM 0 0 Ao 10 AMo10
Ly = 0 X O , Lo= 0 M 0 , Ly= 0 A 1 )
0 0 X 0 0 X 0 0 X\

(here \; with different indices are assumed to be distinct)



Theorem

Regular bi-flat F-manifolds in dimension three such that L, has three
equal eigenvalues and one Jordan block are locally parameterized by
solutions of the full Painlevé IV equation.

Regular bi-flat F-manifolds in dimension three such that L, has two
distinct eigenvalues and two Jordan blocks are locally parameterized
by solutions of the full Painlevé V equation.

Summarizing

A 0 O
Ly := 0 X O ,corresponds to PV/

0 0 X3
A 10

Ly := 0O X O ,corresponds to PV
0 0 M\
M 10

Ly:=|( 0 XA 1 ,corresponds to PIV
0 0 XN\



Multiflat structures

Vector field | Associated product | Associated connection
e o v
E o) v
EoE °(2) v®
EocEocE o(3) v
Compatibility

(dv — dgo)(Xo) =0

vX.




Existence of multiflat structure in the semisimple case

ri=ri, i#j vl
Flatness conditions
Ey(Th) + (GE[);=0, 1=0,...N—1 (11)
can be written as
Einy(6y) = Eop(d5) — (9E/ U Ops1¢j =0, 1=0,...,N—1. (12)

where ¢;(u', ..., u", u™") is the function defining implicitly I';:

gj(u',...,u",Ti(u',... u")) = constant

In this way, determining ¢; can be interpreted as the problem of
finding invariant functions for the distribution A generated by the
vector fields {E(/)}/:o N—1-

,,,,,



Theorem
Let Ao,... k) be the distribution spanned by the vector fields

&,E, ..., Ey inthe n+ 1-dimensional space with coordinates
(u',...,u", u™"). Then:

1. The distributions A 1y and Ao,1,2) are integrable.

2. Ao,1,2,3) Is not integrable. Furthermore, at the points where
u'E Uk (i# ki k=1,..,n)andu™" £0itistotally
non-holonomic, that is the minimal integrable distribution A
containing Ao 1,2,3) has dimension n+1.

Notice that the extended vector fields £, : EM satisfy the
commutation relation

N

[Z0y, Zim)] = [Eqrs1y Emany] = (M = DEmii1) = (M = D Z(m,

of the centerless Virasoro algebra.



Three-dimensional tri-flat F-manifolds

First of all we have to solve the systems (for j = 1,2, 3)

Eo)(T}) = [01+ 02+ 05 =0,
Eny () = [u'0r+ P02 + UP0s]T = T,
Eo)(Tj) = [(u")?01 + (1P)?02 + (u%)20s]1); = —2uT}.
The general solution is given by
(o Cia(u® —u") " Cis(u' — u?) 2 _ Co1 (1P — u®)
U@ -u)(@2-®) P (B -u)(@-?) B (- @) - )
re, - Cos(u' — u?) [ Ca(u? — u®) 3 Caa (1P — u")

O 7 Rl )| Ly Sl (T P

where Cy2, Co1, C13, Cs1, Coz, C32 are arbitrary constants. Imposing
Tsarev’s condition we obtain immediately the following constraints

Ciz = —Cy2, Coy = —Coy, Csp = —Cap, Ci2+Co3+C31 = 1.



Four-dimensional tri-flat F-manifolds
First step: we have to solve the system the system (with j = 1,2, 3, 4)
E(o)(r;/) = [014+ 02+ 05+ 84]r’ =0,
Eny(T)) = [U'0r+ uP02 + U053 + u* 0T} = —T7,
Eg)(Tj) = [(U")?01 + (UP)202 + (U%)P0s + (u*)0u]T); = 20T,
We obtain

- (u' — ) (B —u?) ud - .
! —= i -
= A () e 2%
- (u' — ) (B - u*) ud —u! .
’ - i =
? Fie ((U2 — ) - ut)) (U - uB)(wB - ut)’ =184
- (u' — u?) (B — u*) u? — U .
= : =1,2,4
L s ((U2 — )W —ut)) (ud—u) (WP - uB)’ mhet
- (u' — ) (B —u?) u' —u® .
e i ((U"’ )| OO R (T | o N 123



The second ste
24 equations (Tsarev’s con

seems ve dy difficult. We have to solve a system of
tions) for the 12 unknown functions F;.

This system can be written as a system of ODEs (two for each

unknown function) in the variable z =

functions Fj(z) :
Fio _

az

dF13

az

dFiy

az

dF24

az

dFo3 _

az

dFas

az

(v

(u — ) (uP—u )
u3)(u1

_—FoFi3 + Frafes + FaoFig + Fra _

for the unknown

_ —FaoFi4 + FiaF1a — Fi2Fo4

FioFo3 — Fi2Fy3 + FaoFi3 — Fi3

z—1

z

_ —F1afis + FraFag + FaaFis

z

_—FaeFat+ Fofia — Fiofos

z

_ (FsaF13 + F1aFas — FiaFi3)z + F14

z

z(z—-1)

_ Fasfor — FigFor — FosFat + For _ —FaaFot + FaaFas + FraFo
z—1 z ’

_ —F1sFot + FasFor — FogFat — Fog _ FogFaa — FasFoa + Fasfoq
(z-1)z z ’

FiaFo1r — FoaFor + FoaFa1 — Foaz — Z(FaaFoz — FaqFo3 + FoaFa3) + Foa

(z—-1)z

(z—-1)z

)



dF31 77_F31F14+F31F34—F41F34

Fa1Fi2 + Fo1F3p — Fa1Faz + Fay

az z z

dFsp _ FaiFio+ FotFso — Fa1Fso — Fso _ FaaFap — FaaFao + FoaFso

dz (z-1)z N z ’

dFsa _ FaiFaa — FarFaa — Fa1Fia + Faaz _ FaaFap — FaaFap + FaaFao

dz (z-1)z N z '
dFar _ FarFio+ ForFap — FasFap + Far _ Fa1Fag + FarFis — Fat Fag — Fas
dz z - z—1 ’
dFaz _ FasFio+ FotFap — FasFap — Fap _ FanFos — FaoFas + FsoFag + Fao
dz (z—-1)z N z—1 '

dFas _ Fa1Fas — FarFag + FasFia + Fas _ FaoFos — FaoFag + FaoFag — Fa3

dz (z—1)z z




Comparing the right and sides of the above equations we obtain
some constraints on the functions F;;. We have the following relations

Fia(2) — F12(2)
zF13(2) + (2 — 1)Fi2(2)
Fs2(z) — Fa4(2)
(z —1)Fss(2) — Fs1(2)
—ZF43(Z) — (Z — 1)F42(Z)
F41Z(z) B (z; 1),__42(2)
ZFy3(2) | Fa1(2)

z—1 z—1
(Z — 1)F24(Z) — F21 (Z)

Gy,
Gy,
Ce,
Cz,
Cs,

Cs,

C7a
Gr.



Since for each unknown we have two equations, we have still to
impose that such equations coincide. In general this seems a very
complicate task. However, assuming C; = 0 we obtain the following
additional constraints

C; = C+C3-2
_ (1 — Cs)Z+ F34(Z)(Z — 1) — Cg
Fa(z) = 7 _ 1 )
F21(Z) = F34(Z)(Z — 1) +1 - CQ,
F34( ) = 03+F12(Z)—
After this, all the equations of the original system reduce to the first
order equation
dF12(Z) . _F12(Z)[(F12(Z) + C3 — 1)(1 — Z) + Cg]
dz z(z—1)
whose general solution is given by

Coz%(z —1)"C
CsCez% + hypergeom([Cs, Co], [1 + Cq], 1)

(13)

F12(Z) = (14)

where Cyg = 1 — C3 and Cg is an additional integration constant.



Multiflat structures in the non semisimple reqular case

Kk _ sk
Cj =0iyj_1
E(O) =e= au1,

1
By = E' = (010 + 1) 00 + ()T J(F = D) 2) 0,

poent L ez _ WA(la? + la+ a+2)

" ut? M (a+2)(u")?

(418 _ (2122 + 2la+ a+ 2)u' B — (I22 + 2la+ a+ 2)(u?)? + (lab + 2ib)u' u?)

L (a+2)(u")?

(41 _ (1 _ oy ceh2 _ ez (@ +2a4+2) i1z opys @
r12 - r21 - 07 r12 - r21 - (U1)(a+ 2) ’ r23 - r32 - ?
FUH13 _ 413 _ I((l? + & + 2la+ 4a+ 4)(u?)? — 22%u" U® — (2ab + 4b)u' U?)

2 Tlhy T = 202(a+ 2)(u')? '

1)1 +1)1 +1)2 I+1)2 I+1)1 1+1)3 1+1)3 I(a+1)
rﬁs):rg1):rﬁs):rg1):r(22):o, rgs):r:(n):_ a
pU13 _ ((2? + 3la+ 2/)(u?)? — (ab — 2b)u' P + 2au’ uP) 12 _ a(a+1)

22 (a+2)u! (u?)? $22 2(a+2)

()1 _ (1)1 (12 ()2 () ()2 (H1)3
r23 - I—32 - r23 - r32 - r33 - r33 - I—33 =0

)



Multiflat structures in the non semisimple reqular case

Kk _ sk
Cj =0iyj_1
E(O) =e= au1,

1
By = E' = (010 + 1) 00 + ()T J(F = D) 2) 0,

poent L ez _ WA(la? + la+ a+2)

" ut? M (a+2)(u")?

(418 _ (2122 + 2la+ a+ 2)u' B — (I22 + 2la+ a+ 2)(u?)? + (lab + 2ib)u' u?)

L (a+2)(u")?

(41 _ (1 _ oy ceh2 _ ez (@ +2a4+2) i1z opys @
r12 - r21 - 07 r12 - r21 - (U1)(a+ 2) ’ r23 - r32 - ?
FUH13 _ 413 _ I((l? + & + 2la+ 4a+ 4)(u?)? — 22%u" U® — (2ab + 4b)u' U?)

2 Tlhy T = 202(a+ 2)(u')? '

1)1 +1)1 +1)2 I+1)2 I+1)1 1+1)3 1+1)3 I(a+1)
rﬁs):rg1):rﬁs):rg1):r(22):o, rgs):r:(n):_ a
pU13 _ ((2? + 3la+ 2/)(u?)? — (ab — 2b)u' P + 2au’ uP) 12 _ a(a+1)

22 (a+2)u! (u?)? $22 2(a+2)

()1 _ (1)1 (12 ()2 () ()2 (H1)3
r23 - I—32 - r23 - r32 - r33 - r33 - I—33 =0

)



Complex reflection groups and bi-flat F-manifolds

In the cases Ga Gs, Gs, G, Gg, Gio, Gi4, Gis, Gi7, Gis, Gzo, G21,
Gos, Gog, Gos, Gog, Go7 the dual product and the dual connection:

1n ks (as)j (ak)p (ds)
cHip) = —I(p) = M{ — s s)j p1%s)m 15
]k(p) ]k(p) {N ; ||as||2 Oés(P) ( )
where
e «y are constant covectors in C";

e h™ are the components of the inverse of a suitable Hermitian
metric. In all the cases a part from one (Gz7) h is the standard
Hermitian metric;

e N is a normalizing factor chosen in such a way that c;/ EX = 6;

o M is the number of distinct factors of detg—g; (the number of
reflecting hyperplanes);

e kg Is the order of the (pseudo)-reflection defined by the
hyperplane ker(as).



Moreover, the flat coordinates of V (generalized Saito flat
coordinates) are flat basic invariants (u, ..., up) satisfying the
following condition

o?u s OU

dpiopk (di —1)cj £
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Painlevé equations

d?w

_ 2
a2z - 6w” + z
2
% = 2w3+zw+a
d?w 1 /dw\%2 1 /dw aw? + 8 5 6
e w(a) *3(@)* z T
d?w 1 /aw\? 3 , 5 5 8
el m(E) +§W +4zw* +2(z —oz)w-i-W
d?w LI dw\2 1 /dw +(W71)2 AT
av e _ LN R B (LA T (sid W= (4 2
dz2 2w ow—1 az z \ dz z2 w
1) 1
+ﬂ+ w(w+ 1)
z w—1
% - (et () () (3)
dz2 =~ 2\w w-1 w-z dz z z-1 w-z dz

+

W(W*'l)(W*Z)( Bz 7(271)+6z(zf1))

Ziz-12 \“Twet w1z T wozp



o-form of Painlevé equations

2 3
(d—;) +4(%) +22%—20:0
(5 (8 o () Lo )

72 dz dz " dz 4\ 72

?o\? do\? do 1 /5 2

) talg) 1 (g — o) treng :Z</\O+>\1)

2o \? do 2 do do do

Z ) —4(z== — 4— | z— + 20, — + 260 =
(zz) (Zdz 0) * dz (Zdz+ 0) (Zdz+ Oo) 0

o \? do\2 do 2 4 /do

29) _202(27) %2 4T (22 +5) =0
(z 22) [ (dz) ezt T H(dz—’_@)

o o \? do do 2 4 /do
il D il %7 (20 — (22 - 1)22 =
o (Z(Z )dzz) + {dz ( o—(2z )dz) +/315253,34] H(d +ﬁ,)



