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Numerical simulations

Implementations in PYTHON using TENSORFLOW
on a MACPOOK PRO 2.9 GHz (INTEL i5, 16 GB RAM)



100-dimensional Allen-Cahn equation

Consider

’g‘t’(t, x) = (Au)(t, x) + u(t, x) — [u(t, x)]? (Allen-Cahn)

with u(0, x) = (
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(a) Relative L'-error for u(,0) ~ 0.0528  (b) Approximative plot of u(t,0),0 < t < 2
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Deep BSDE solver (N = 20, 7 = 1525): L'-error: 0.3%, Runtime: 647 seconds.



100-dimensional Hamiltonian-Jacobi-Bellmann equation

Consider
9u(t, x) + (Au)(t.x) — A|(Vxu)(t,x)[2 =0 (HJB)
with u(1, x) = (1+|2W’ A>o0fort € [0,1], x € R™.

e—e Deep BSDE Solver
4.6 e—e Monte Carlo

Relative approximation error
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Deep BSDE solver (N = 20, 7 = 755): L'-error: 0.17%, Runtime: 330 seconds.



100-dimensional nonlinear derivative pricing model

Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer, & Zhuo 2015 MF:
, B _, d .
%(tv X) + i <X7 (VXU)(tv X)>]Rd + %2 Z |X"‘2 %(17 X) - Q(u(ta X)) U(t, X) - Ru(t7 X)
i=1 i

with u(1, x) = min{x, ..., X100}, i = 0.02,5 = 0.2 for t € [0,1], x € R,

(100,...,100))

u(t=0,x=
s »
5 &

0 1000 2000 3000 4000 5000 6000
Number of iteration steps

(a) Relative L'-error for u(0,100, ... ) &~ 57.3

Deep BSDE solver (N = 40, 7y = &) L'-error: 0.46%, Runtime: 617 seconds.



Numerics for forward stochastic differential equations



Theorem (Gerencsér, J, & Salimova 2017 PRSL A (minor revision))

LetT € (0,00),d € {2,3,4,...}, & € RY, (ay)nen C R satisfy

limy—so0 ay = 0. Then there exist globally bounded i, o € C*°(RY, R?) such that
for every probability space (2, F, IP), every Brownian motion W: [0, T] x Q — R,
every solution X: [0, T] x Q — R of

2X = pu(X) +o(x)Ew, telo, T, X =§,

and every N € N we have

51,...,L:f€[0,T] u: Ri’OLR"E[HXT - U(WS1 o WSN) H:| 2 .
measurable

@ Dimension d > 4 and Euler scheme: Hairer, Hutzenthaler, & J 2015 AOP
@ Dimension d > 4: J, Miller-Gronbach & Yaroslavtseva 2016 CMS

Weak convergence and d > 4: Miller-Gronbach & Yaroslavtseva 2016 SAA
(to appear)

Adaptive approximations and d > 4: Yaroslavtseva 2016
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Deelstra & Delbaen 1998 Appl Stoch Models Data Anal: Let
yN:{0,1,... N} x Q = R,N € N, satisfy forall N € N, n€ {0,1,...,N—1}
that Y = £ and

lelv+1 = Yr,7v + (5 - ’YYrI;V)% +B\/ [Y/’7V]+(W(n+1)T — WLT).

N N
There exists a ¢ € IR such that for all N € N we have
E[lxr — vl <c N2 )

(*) disproves (**).
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Pricing with default risk
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF)
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,

& Zhuo 2015 MF) T =1,d = 1,£ = (100,...,100) € RY, u(T,x) = min_x;
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,

& Zhuo 2015 MF) T =1,d = 1,£ = (100,...,100) € RY, u(T,x) = min_x;
1<i<d

Gu(t, x) + (x, u(t, x)) Z %ZZ\X,| (azu)( x)=0

for (t,x) € [0, T) x R7.
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against runtime;
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& Zhuo 2015 MF) T =1,d = 1,£ = (100,...,100) € RY, u(T,x) = min_x;
1<i<d

d d
Gu(t, x) + (x, u(t, x)) Z X)+%ZZ\X;|2(§—;U)(1,X):O
= i=

for (t,x) € [0, T) x R7.
against runtime; u(0, ) ~ v = 97.705.
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,

& Zhuo 2015 MF) T = 1, d = 100, £ = (100, ...,100) € R?, u(T, x) = r<ni2 Xi»
1<i<d

d d
u(t, x) + (x, u(t, x)) Z X)+%ZZ\X;|2(68—;U)(1,X):O
= i=

for (t,x) € [0, T) x R [55000, U1 1406 -0, ,(0.6)]] / [ 51 12, vt (0] for
p € {1,2,...,6} against runtime; u(0, {) ~ 58.113.
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Pricing with default risk Runtime for one realization
of U§ 4(0, &) against dimension d € {5,6, ..., 100}.
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Pricing with default risk (Duffie, Schroder, & Skiadas 1996 AAP, Bender, Schweizer,
& Zhuo 2015 MF)

; 2 2 h_2 J_ 2 -_ 2 =_ 2 h
Consider 0 = 5, R= 155.7" = 15V = 150' B = 765 7 = 75 V' V' € (0,00)

satisfy v < v/, and assume for all x € R?, y € R that
pu(x) = iix,  o(x) = g diag(x),

and

f(XaY) - - (1 - 5)y|}}/h I[(7oo,v”)(y) +'7l I[[v’,oo)(y)

+[528 =v) + 2] 1) - v

@ We consider v = 50, v/ = 120 in the case d = 1.
@ Bender et al. consider v = 54, v/ = 90 in the case d = 5.

@ We consider v = 47, v/ = 65 in the case d = 100.



