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Overview

PDE (X(t, ζ))

� motion of viscous fluids,

� water or sound waves, −→ Discretisation in space
(e.g. Galerkin methods)

� distribution of heat... ↓
ODE (x(t))

� might be sparse,

� might be of large order,

� high computational cost.

Reduced Model (x̃(t))
y

� small order,

� low computational time, ←− Model order reduction (MOR)
(e.g. balancing related)

� high accuracy desired.
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Overview

SPDE (X(t, ζ, ω))

� motion of viscous fluids,

� water or sound waves, −→ Discretisation in space
(e.g. Galerkin methods)

� distribution of heat... ↓
SODE (x(t, ω))

� might be sparse,

� might be of large order,

� high computational cost.

Reduced Model (x̃(t, ω))
y

� small order,

� low computational time, ←− Model order reduction (MOR)
(e.g. balancing related)

� high accuracy desired.
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Overview: Paths Lévy Processes L(·, ω)
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More information: [PESZAT, ZABCZYK ’07] & [APPLEBAUM ’09]
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Idea of MOR

Let M be a q-dimensional Lévy process.

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t)

with A,Ni ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, E [M(t)] = 0, E ‖M(t)‖2Rq <∞,

where n is large.

Replace this system by

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Eiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) +Du(t)

with Ã, Ñi ∈ Rr×r , B̃ ∈ Rr×m, C̃ ∈ Rp×r , D ∈ Rp×m and Ei ∈ Rr×m,

where r � n such that

y(t) ≈ ỹ(t).

(for Ni = 0 [ANTOULAS ’05])
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Asymptotic Mean Square Stability

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t).

Definition

� A càdlàg adapted process x(t), t ≥ 0, is a solution if

x(t) = x0 +

∫ t

0

[Ax(s) +Bu(s)] ds+

∫ t

0

Nix(s−)dM i(s), t ≥ 0.

� Notation: x(t, x0, u) for control u ∈ L2
t , time t ≥ 0 and initial condition x0 ∈ Rn.

Let K = (kij)i,j=1,...,q be the covariance matrix of M , i.e., E
[
M(t)MT (t)

]
= Kt.

Asymp. mean square stability

E ‖x(t, x0, 0)‖2Rn → 0 when t→∞, ∀x0 ∈ Rn

⇔ σ(A⊗ I + I ⊗A+

q∑
i,j=1

Ni ⊗Nj kij) ⊂ C−.
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Observability Gramian

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t).

We introduce a matrix-valued process Φ defined by

x(t, x0, 0) = Φ(t)x0, t ≥ 0.
(

Φ(t) = eAt if Ni = 0
)

Definition

We define the observability Gramian by Q := E
∫∞
0

ΦT (t)CTCΦ(t)dt.

Proposition

Q exists due to the mean square asymptotic stability and is the unique solutions to

ATQ+QA+

q∑
i,j=1

Ni
TQNj kij = −CTC.
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Type I reachability Gramian

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t).

We introduce a matrix-valued process Φ defined by

x(t, x0, 0) = Φ(t)x0, t ≥ 0.
(

Φ(t) = eAt if Ni = 0
)

Definition

We define the type I reachability Gramian by P1 := E
∫∞
0

Φ(t)BBTΦT (t)dt.

Proposition

P1 exists due to the mean square asymptotic stability and is the unique solutions to

AP1 + P1A
T +

q∑
i,j=1

NiP1Nj
T kij = −BBT .
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AP1 + P1A
T +

q∑
i,j=1

NiP1Nj
T kij = −BBT .

Proposition [R. ’17]

Let (p1,k) be an ONB of EV of P1, then

sup
t∈[0,T ]

E |〈x(t, 0, u), p1,k〉Rn | ≤ λ
1
2
1,k ‖u‖L2

T
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Type II reachability Gramian

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t).

Definition [DAMM, BENNER ’14] for kij = δij & [R. ’17]

We define the type II reachability Gramian P2 as a positive definite solution to

ATP−1
2 + P−1

2 A+

q∑
i,j=1

Ni
TP−1

2 Njkij ≤ −P−1
2 BBTP−1

2 . (1)

Proposition [DAMM, BENNER ’14] for kij = δij & [R. ’17]

There exists a positive definite solution to inequality (1) due to the assumption of mean square

asymptotic stability for the system.

Proposition [R. ’17]

Let (p2,k) be an ONB of EV of P2, then

sup
t∈[0,T ]

√
E〈x(t, 0, u), p2,k〉2Rn ≤ λ

1
2
2,k ‖u‖L2

T
.
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1 Overview

2 Setting and Idea of Model Order Reduction (MOR)

3 System Gramians

4 Type II Balancing and Reduced Order Model (ROM)

5 Properties ROM by type II Singular Perturbation Approximation
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Balancing Transformation

Using the type II approach means that a balancing transformation based on the Gramians Q

and P2 is applied to the following system:

dx(t) = [Ax(t) +Bu(t)] dt+Nix(t−)dM i(t),

y(t) = Cx(t).

Theorem

Suppose that Q > 0. Then, there is an invertible matrix T = T (P2, Q) such that

dx̂(t) =
[
TAT−1x̂(t) + TBu(t)

]
dt+ TNiT

−1x̂(t−)dM i(t),

y(t) = CT−1x̂(t)

with P̂2 = TP2T
T = T−TQT−1 = Q̂ = Σ = diag(σ1, . . . , σn), where

σi =
√
eigi(P2Q).

From now on we assume to already have a balanced system.
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Reduced Order Model

Let (A,B,C,Ni) be balanced. Using a partition of the matrices we obtain

Balanced Partitioned Full Model[
dx1(t)
dx2(t)

]
=
([

A11 A12
A21 A22

] [ x1(t)
x2(t)

]
+
[
B1
B2

]
u(t)

)
dt +

[
Ni,11 Ni,12

Ni,21 Ni,22

] [
x1(t−)
x2(t−)

]
dMi(t),

y(t) = [C1 C2 ]
[
x1(t)
x2(t)

]
, t ≥ 0.

Reduced Order Model

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Ẽiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) + D̃u(t).
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Reduced Order Model

Let (A,B,C,Ni) be balanced. Using a partition of the matrices we obtain

Truncate Second Line & Set x2(t) = 0 N = 0→ [ANTOULAS ’05][
dx1(t)
dx2(t)

]
=
([
A11 A12
A21 A22

] [
x1(t)

0

]
+
[
B1
B2

]
u(t)
)
dt +

[
Ni,11 Ni,12

Ni,21 Ni,22

] [
x1(t−)

0

]
dMi(t),

y(t) = [C1 C2 ]
[
x1(t)

0

]
, t ≥ 0.

Reduced Order Model Balanced Truncation (BT)

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Ẽiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) + D̃u(t).

BT: Ã = A11, Ñi = Ni,11, B̃ = B1, C̃ = C1, D = Ei = 0.
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Reduced Order Model

Let (A,B,C,Ni) be balanced. Using a partition of the matrices we obtain

Set dx2(t) = 0 Ni = 0→ [LIU, ANDERSON ’89][
dx1(t)

0

]
=
([

A11 A12
A21 A22

] [ x1(t)
x2(t)

]
+
[
B1
B2

]
u(t)

)
dt +

[
Ni,11 Ni,12

Ni,21 Ni,22

] [
x1(t−)
x2(t−)

]
dMi(t),

y(t) = [C1 C2 ]
[
x1(t)
x2(t)

]
, t ≥ 0.

Reduced Order Model Singular Perturbation Approximation (SPA)

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Ẽiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) + D̃u(t).

SPA: Ã = A11 −A12A
−1
22 A21, Ñi = Ni,11 −Ni,12A−1

22 A21, B̃ = B1 −A12A
−1
22 B2,

C̃ = C1 − C2A
−1
22 A21, D̃ = −C2A

−1
22 B2, Ẽi = −Ni,12A−1

22 B2.
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Reduced Order Model

Let (A,B,C,Ni) be balanced. Using a partition of the matrices we obtain
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dx1(t)

0

]
=
([

A11 A12
A21 A22

] [ x1(t)
x2(t)

]
+
[
B1
B2

]
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x1(t−)
x2(t−)

]
dMi(t),

y(t) = [C1 C2 ]
[
x1(t)
x2(t)

]
, t ≥ 0.

Reduced Order Model Simplified Singular Perturbation Approximation (SSPA)

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Ẽiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) + D̃u(t).

SSPA: Ã = A11 −A12A
−1
22 A21, Ñi = Ni,11 −Ni,12A−1

22 A21, B̃ = B1,

C̃ = C1 − C2A
−1
22 A21, D̃ = 0, Ẽi = 0.
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P1 versus P2

Why balancing based on P2 is better than balancing based on P1 from the theoretical point of

view?

Type I Gramian P1

� Defined via a generalised

fundamental solution.

� Provides energy interpretation.

� (S)SPA based on P1 only allows us

to prove anH2-error bound, an

H∞-error bound doesn’t exist.

� It is not yet proved, whether (S)SPA

based on P1 preserves mean square

asymptotic stability.

Type II Gramian P2

� Defined as solution to matrix

inequality.

� Provides energy interpretation.

� (S)SPA based on P2 only allows us

to prove anH2- and anH∞-error

bound.

� (S)SPA based on P2 preserves

mean square asymptotic

stability.(S)SPA based on P2
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Stability Preservation

Theorem [R. ’17]

For SPA and SSPA with reduced order coefficients

Ã = A11 −A12A
−1
22 A21, Ñi = Ni,11 −Ni,12A−1

22 A21, B̃ = B1(−A12A
−1
22 B2),

C̃ = C1 − C2A
−1
22 A21, (D̃ = −C2A

−1
22 B2), (Ẽi = −Ni,12A−1

22 B2),

we have
σ(A⊗ I + I ⊗A+

q∑
i,j=1

Ni ⊗Njkij) ⊂ C−

⇒ σ(Ã⊗ I + I ⊗ Ã+

q∑
i,j=1

Ñi ⊗ Ñjkij) ⊂ C−.
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q∑
i,j=1

Ñi ⊗ Ñjkij) ⊂ C−.

The prove of the above theorem relies on the following:

Theorem consequence of [BENNER, DAMM, RODRIGUEZ CRUZ ’17]

For balanced truncation with reduced order coefficients (A11, B1, C1, Ni,11), we have

σ(A⊗ I + I ⊗A+

q∑
i,j=1

Ni ⊗Njkij) ⊂ C−

⇒ σ(A11 ⊗ I + I ⊗A11 +

q∑
i,j=1

Ni,11 ⊗Nj,11kij) ⊂ C−.
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Ni ⊗Njkij) ⊂ C−

⇒ σ(A11 ⊗ I + I ⊗A11 +

q∑
i,j=1

Ni,11 ⊗Nj,11kij) ⊂ C−.
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Stability Preservation

Theorem [R. ’17]

For SPA and SSPA with reduced order coefficients

Ã = A11 −A12A
−1
22 A21, Ñi = Ni,11 −Ni,12A−1

22 A21, B̃ = B1(−A12A
−1
22 B2),

C̃ = C1 − C2A
−1
22 A21, (D̃ = −C2A

−1
22 B2), (Ẽi = −Ni,12A−1

22 B2),

we have
σ(A⊗ I + I ⊗A+

q∑
i,j=1

Ni ⊗Njkij) ⊂ C−

⇒ σ(Ã⊗ I + I ⊗ Ã+

q∑
i,j=1

Ñi ⊗ Ñjkij) ⊂ C−.

Remark

The proof of the Theorem is an open problem when balancing based on P1, [BENNER, R. ’17].
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H2-Error Bound for SSPA

A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, Ni =

[
Ni,11 Ni,12
Ni,21 Ni,22

]
and Σ =

[
Σ1

Σ2

]
.

Theorem

Let ỹ be the output of SSPA and PG =
[
PG,1

PG,2

]
, then

sup
t∈[0,T ]

E ‖y(t)− ỹ(t)‖Rp ≤ (tr(Σ2W ))
1
2 ‖u‖L2

T
,

where the scaling matrix is

W = tr
(
(B2B

T
2 − 2(A22PG,2 + A21PG,1)(A

−1
22 A21)

T
)
)

+ tr

2

q∑
i,j=1

(Ni,22PG,2 + Ni,21PG,1)(Nj,21 − Nj,22A
−1
22 A21)

T
kij


− tr

 q∑
i,j=1

(Ni,21 − Ni,22A
−1
22 A21)P

1
r (Nj,21 − Nj,22A

−1
22 A21)

T
kij

 .
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 .

Remark

The above Theorem is similar in the case of using P1, see [BENNER, R. ’17].
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H∞-Error Bound for SPA

A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, Ni =

[
Ni,11 Ni,12
Ni,21 Ni,22

]
and Σ =

[
Σ1

Σ2

]
.

Theorem

Let y be the output of the original system and Σ2 = diag(σ̃1I, σ̃2I, . . . , σ̃νI). Then,

‖y − ỹ‖L2
T
≤ 2(σ̃1 + σ̃2 + . . .+ σ̃ν) ‖u‖L2

T
,

where ỹ the output from

dx̃(t) =
[
Ãx̃(t) + B̃u(t)

]
dt+

[
Ñix̃(t−) + Eiu(t−)

]
dM i(t),

ỹ(t) = C̃x̃(t) +Du(t)

with the coefficients

Ã = A11 −A12A
−1
22 A21, Ñi = Ni,11 −Ni,12A−1

22 A21, B̃ = B1 −A12A
−1
22 B2,

C̃ = C1 − C2A
−1
22 A21, D̃ = −C2A

−1
22 B2, Ẽi = −Ni,12A−1

22 B2.
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Theorem [LIU, ANDERSON ’89] for Ni = 0
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Remark

The above theorem is not true when using P1 instead, see [DAMM, BENNER, ’14].
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Difficulties when Proving Error Bounds

Difficulties

� There are no transfer functions available.

� Proofs are conducted in time domain.

� No link to balanced truncation.

� Change in the structure from original to reduced model, no balanced ROM (H∞-case).
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