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Structure

Models without reference configuration
Screening assumption

Atomistic dislocation models



Equilibrium models for crystals without underlying lattice
Joint work with Luke Williams

Box ACRY, d e {1,2,3}, torus, periodic boundary conditions

Configurations: Y C A, #Y = |A|=n

Interaction potential: v(r), e.g. v(r)=r"12 - r=°

Hamiltonian: H[Y]= > v(ly —y'])
yy'eyY
Boltzmann-Gibbs distribution (canonical ensemble, density = 1):

Poa(Y) = e B(H[Y]=n f/\(9))’
inverse temperature 3, free energy

A(3) =~ log [ e

Problem: Characterization of #r’qlig H[Y] can be hard.



Decomposition into cells

Reference cell: X C R?, eg X = {(0,0),(0,1),(1,0),(1,1)}.

Definition: O € T if
mCY,

n min max min |[Ry +t—y'| <e=0.1
ReSO(2),teR? yeO y'eY

m int(conv(d))NY = 0.

Admissible configurations Y:
m 7 is unique.
m meas(conv(0d) Neconv(d)) =0if O ATV
m Simply connected cells can be mapped to simply connected lattice
points.



----------



Local Hamiltonian

Local model: Hioc[Y] = > v(O).
UeT
Cell energy: v(d) € R, minv = v(X) = —0 < 0.

Euclidean invariance: v(RO + t) = v(O) for all R € SO(d), t € RC.

If
m minv <0,
m X is unit-cell of lattice £
m periodic boundary conditions
then H is minimized by lattice configurations.



Continuum interpolation

m ug : conv(d) — conv(X) piecewise affine, X = uz(0),
m Vo = Vug (piecewise constant)

m D = A\ Ugegconv(0O).

m Choose reasonable interpolation in D.

m suppcurl(V) C D

m W(V):= (v(O)+ 7)det V7! so that Jeomv(my W(V) = v(O) + 7.

Integral representation of the energy:
E[Y] = —7|A +/ x))dx + | D|

Properties of W:
m Euclidean invariance: W(RF) = W(F) VR € SO(d).
m W(F) > cdist(F, SO(d))?



Orientational order

Order parameter: supp(p) C RY compact, [ dR¢(R-)=0.

S0(d)
a = n! max Z (@(R(y*y/))’
RESO(d) A<,

Orientational symmetry breaking: There exists [ such that

A =0 if 8 < Beit,
BY >0 if B> Boit.

Only results on inequality!



Translational symmetry breaking

Bravais lattice £ C R.
Order parameter: p € C(RY) L-periodic, [ dxp(x) =0,
Rd/LC

a = n < max Z o(R v')),
RESO(d) £
A= n'wgoEe<a)-

Long-range order transition: There exists £(6), Ot such that

A =0 if 0 <Ot
>0 iff> Hcrit

Theorem. (Mermin-Wagner 1966): No long-range order if d < 3.



Main result

d=2

curlV € L2(N) a-neutral if
m supp curlV C U;B,(x;), fB&(x,-) curlV =0,
® miniz|X; — Xj| > 20+ 1.

Enforce neutrality:

H[Y] = Z V(D) + Xa—neutral-
OeT

Theorem (T.-Williams '17)
p = 1. If o/ log « sufficiently large, then Blim Ag = 0.
— 00

We expect that E(|D|) ~ exp(S w) n.
Aumann '15: vo ~ —n ( = D = () almost surely).

Aim: Remove neutrality assumption.



Grain boundaries

m Grain boundaries can be seen as walls of edge dislocations with the
same sign.

m Excluded by neutrality assumption.

m Configurations with grains are orientationally disordered.



Orientational order in L2

Recall order parameter:

A(B) = lim Eg (\/\y—l min HV—RH{2>.

IA|]— o0 ReSO(2)

Structure of proof
Step 1 (deterministic)

. . 2 < .
Rerglon(d)HV RliZ2(ay < C(H[Y] — min H).

NB: C is random with large maximum.
Step 2 (standard)

1
lim lim =Eg ,(Hx — min Hy) = 0.

B—o00 —00 n



Rigidity estimates

Theorem (Friesecke, Miiller, Scardia, Zeppieri, Aumann)

V € WLP(A), A C R? simply connected. Then

: - - :
Rerr;bn@ |V = R|2 < CJdist(V, SO(2))]|2 + Cp ||curl V|| (e,

where ,

Co(rA) = r* 7 Go(N).
Need: p = 2 (energy scaling), C, = O(1) as |A| = oo (Thermodynamic
limit).

Theorem (T.-Williams'18)
If V is a-neutral and admissible, then Co(r N) = Gy(\) = log cv.



Proof of Step 1

If
m C||dist(F, SO(d))Hiz(D) < W(F) (modelling assumption)

= Cldist(V, SO(d))|Fay + C llewrl VIigagny > | min [V — Ry

(rigidity estimate)
then

HIY]—minH = /A\D W(V)+7|D|

Y

C [|dist(V, SO(d))|[72ny + C llcurl V/|[72(n

v

V —R|?
RE”_C]O“(Z) | HL2(A)



Examples
d=2,|ANl=n

Id if dist(x,D) > 1
V(x) = { interpolation if 0 < dist(x, D)
R else.

|OD| ~ nz, |D| ~ n (No orientational ordering).

MSZ sharp: ||V — R|2 ~ nz, ||dist(V, SO(2))|l2 ~ n*, |[curlV|y ~ nZ.
Need: |0D| = |D|=¢n

MSZ: ||V — R|l2 = (¢ n)% <en=|[curlV||; too weak.

Dilute, paired dislocations, p = 2.

V = Rll2, |dist(V, SO(2)[l2 ~ &2 n?, [curlV|, = 7 n7, (JW = loga
1 2 g
(Céé\umann = n2 not Sharp!)'



Atomistic models with dislocations

Jointly with Alessandro Giuliani

Observation: a-neutrality constitutes an obstruction to disorder.
Are unconstrained samples a-neutral with high probability?

m Order is not a consequence of energy considerations

m Need proper statistical treatment



Models with edge dislocations: Ariza-Ortiz 2005

2-dimensional system: x € £ C R? are lattice points.

Hro(wo) = Y Sldu(e) ~ o(e)) -ax(e) +7 3 [do(f)]

ecedges fefaces

where T is the core energy,

edgee = (x,x'),
du(e) = u(x)— u(x),
displacement 1 : vertices — R? (vectorial),
slipoc . edges — vertices,
do : faces — L.

Nonlinear model is also possible.



[[lustration of the Ariza-Ortiz model

lip field of grain g Relaxed grain. Energy density 0.118
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Undeformed and relaxed configuration for Ariza-Ortiz model. Slipped bonds
are red.



Statistical mechanics

The probability factorizes because of linearity:

1
Polunc) = gz o)
_ b eBHaow-tn0) 1 —BHA0(0.Lado)
Z1(P) Z(P)
elastic part dislocation interactions

where Ly and Ly are linear operators and
Z1(8) = / e BHno(u,0) du,
R2 X vertices
Z(8) = Z e~ BHao(0,L2q)

qeﬁfaces
Order parameter: Angle-angle correlation
f(8) = (|L2do?) > 0.

Perfect order: f(3) = 0. Elastic contributions can be computed explicitly
(Gaussian integral).



Screw dislocations

Simpler version:
Villain model, vertices X = £ N A, local excitation u(x) € [0, 1].

Z = /[0 X du H Z exp(—g (U(X) — U(X,) _ O'(X,X/))z)

x~x" o(x,x")EL

= ) /Rxdu IT exp( (=2 (u(x) — u(x') +d*A"1g)?)

qezZX x/~ox!

= [ du J[ exp(—5(du(e))®) x Y exp(5927"q)

RX
edges e qezX

Analysis of vortex-charge contribution: Frohlich-Spencer 1981.



Does the model allow for disorder?

Read-Shockley law: 75 = vo(A — log 0)6 if |0] < 1.

Theorem
Let

1 M—1
Egb(m) = lim y M min Hao (u, Z X —jv) —d(x —mb jv))b) ,

M— o0 =0

with n wall spacing, b € L (Burgers vector) and v € R? (wall direction).
Ifv-b=0,

8
Ego(m) = ?” log v + 0 (1+ e~ log |v]),  m,|v]>1.

Proof: Riemann sum in Fourier space.
Previous results: Luckhaus-Lauteri 2017.



Relaxed grain boundary with free boundary conditions

— Relaxed grain. Energy density 0.267
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Grain boundaries are not ordered and are expected to be unlikely!



Large dislocation core energy

F(8) = (|LadoP)q ZZ;LMF[ I MatF)]e 2@,

fEfaces

with G Green's function, activity

1 if g=0,
Mg)=14z if geLand]|q =1,
0 otherwise,

z71 = core energy. Aim: Expand f(3) in z.

Sine-Gordon transform:

o 5(a.Ga) _ / d¢p e~ 23(4:6719)i(0.0)

provides a nice way to compute the expansion in z (exponent is small).



Future work: Renormalization group

Rewrite partition function using Sine-Gordon:

3
Z= /d¢ e # I (1422 cos(é(F) - b)) -
f i=1
First term:

(|ILado|?)y = CiZ%e %P + O(z%), 0<z<x 1.

Frohlich-Spencer: Renormalization group provides control of higher order
terms in simpler setting.

Work in progress



Summary

No periodicity but order at finite temperature

Translational vs orientational order

[
[

m Only orientational order in 2 dim

m Orientational order for 2-dim models with screened dislocations
[

First results for the Ariza-Ortiz model



